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Abstract: The application of randomized optimization techniques to the parameter
identiﬁcation of a model of subtilin production by Bacillus subtilis is discussed.
A Markov chain Monte Carlo approach to identiﬁcation is presented along with
an initialization method based on genetic algorithms. The combination of the
two optimization techniques is shown to improve Markov chain Monte Carlo
estimation performance while preserving theoretical convergence properties that
are not oﬀered by the genetic algorithms alone. Results from numerical simulations
are reported.
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1. INTRODUCTION
Biological processes exhibit dynamics that
range over a very wide time scale and contain
stochastic components and often discrete components as well. The recognition that hybrid
discrete-continuous dynamics can play an important role in biochemical systems has led a number of researchers to investigate how methods developed for hybrid systems in other areas (such
as embedded computation and air traﬃc management) can be extended to biological systems
(Ghosh and Tomlin, 2001; Alur et al., 2001; de
Jong et al., 2003; Batt et al., 2005; Amonlirdviman et al., 2005; Drulhe et al., 2006).
In this paper we investigate the problem of
identiﬁcation of a model of subtilin production by
Bacillus subtilis. We shall rely on the stochastic
hybrid model introduced in (Hu et al., 2004) and
discuss the estimation of the model parameters
from partial measurements of the state. This problem was ﬁrst investigated in (Koutroumpas et
al., 2006), where a randomized approach to identi1
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ﬁcation was considered. The problem was formulated as the optimization of a suitable function of
ﬁt between experimental data and synthetic data
generated by the model for changing values of
the parameters. A Genetic Algorithm (GA) was
implemented to solve optimization numerically.
Results indicate that GAs perform nicely and are
little sensitive to the initial parameter guesses.
However, several diﬀerent estimates appeared to
explain the data equally well, pointing out a (possible) issue of (weak) parameter identiﬁability. To
gain better insight into the problem, the same
problem is tackled here by Markov Chain Monte
Carlo (MCMC) techniques. Contrary to GAs,
these iterative stochastic approximation procedures are supported by theoretical convergence
properties. In addition, MCMC provides not just
isolated parameter estimates, but a family of parameter estimates that reﬂects the structure of
the identiﬁcation problem at hand. In our experience, convergence of MCMC is critically dependent on the initial parameter space search policy.
Therefore, a further reﬁnement of the method
is proposed in which GAs are used to properly

initialize MCMC. In analogy with (Koutroumpas
et al., 2006), the study of identiﬁcation is carried
out on synthetic experimental data generated by
simulating the model with suitable parameter values. This simpliﬁes the problem in that the model
structure is assumed to be correct, and is mainly
due to true experimental data being currently
unavailable to us. On the other hand, it allows us
a straightforward evaluation of the identiﬁcation
methods.
The present work is organized as follows. Section 2 describes the stochastic hybrid model of
subtilin production. The identiﬁcation problem is
formulated in Section 3. Subsections 3.1 and 3.2
discuss the optimization techniques that will be
used for identiﬁcation. Section 4 presents the identiﬁcation results obtained by applying MCMC
and by coupling GA and MCMC. Conclusions and
future objectives are discussed in Section 5.
2. SUBTILIN PRODUCTION
Subtilin is an antibiotic synthesized by bacteria B.subtilis as an adaptive response to changes in
the environment. Subtilin production starts when
the amount of nutrient falls under a threshold because of excessive population growth. The role of
subtilin is to increase food supply by eliminating
competing species and weaker B.subtilis cells. In
addition to reducing the demand for nutrients,
the decomposition of the cells killed by subtilin
releases additional nutrients in the environment.
The biosynthesis of subtilin is regulated by a positive feedback mechanism in which extracellular
subtilin activates the two-component regulatory
system SpaK and SpaR that binds to a DNA
motif promoting the expression of genes for subtilin synthesis (spaS and spaBTC) and immunity
(spaIFEG). SpaK and SpaR react to form the
complex SpaRK that will be used in our model.
SpaRK expression is controlled by the sporulation
transcription factor SigH. Finally, the composition
of SigH is turned on whenever the nutrient concentration falls below a certain threshold. In this
paper a simpliﬁed model is examined, in which
spaBTC and spaIFEG are not taken into consideration.
2.1 Stochastic Hybrid Model
A detailed description of a stochastic hybrid model for subtilin production is provided in
(Hu et al., 2004). The normalized population of
B.subtilis, the amount of nutrient and the concentrations of SigH, SpaRK and SpaS constitute
the ﬁve continuous states (x1 , x2 , x3 , x4 , x5 ) of the
model. In addition, three binary switches (S3 ,
S4 and S5 ), give rise to 23 = 8 discrete states.
Switch S3 is deterministic: it goes ON when the

concentration of nutrients, x2 , falls below a certain
threshold (denoted by η), and OFF when it rises
above this threshold. The other two switches are
stochastic. In (Hu et al., 2004) this stochastic behavior is approximated by a discrete-time Markov
chain, with constant sampling interval Δ. Given
that S4 is OFF at time kΔ, the probability that
it will be ON at time (k + 1)Δ depends on the
concentration of SigH at the time kΔ and is given
by
(1)
a0 (x3 ) = cx3 /(1 + cx3 ).
Notice that the probability of switching ON increases to 1 as x3 gets higher. Conversely, given
that S4 is ON at time kΔ, the probability that it
will be OFF at time (k + 1)Δ is
a1 (x3 ) = 1 − a0 (x3 ) = 1/(1 + cx3 ).

(2)

This probability increases to 1 as x3 gets smaller.
The dynamics of S5 are similar, with the concentration of SpaRK, x4 , replacing x3 and a diﬀerent
value, c , for the constant. The growth of B.subtilis
population (x1 ) is given by the logistic equation


ẋ1 = rx1 1 − x1 /D∞ (x2 ) .
(3)
Under this equation, x1 will tend to converge to
D∞ (x2 ) = min {x2 /X0 , Dmax } ,

(4)

the steady state population for a given nutrient
amount. X0 and Dmax are constants of the model.
The dynamics for x2 are governed by
ẋ2 = −k1 x1 + k2 x5

(5)

where k1 denotes the rate of nutrient consumption
per unit of population and k2 the rate of nutrient
production due to the action of subtilin. More
precisely, the second term is proportional to the
average concentration of SpaS, but for simplicity (Hu et al., 2004) assume that the average
concentration is proportional to the concentration
of SpaS for a single cell. Even though this approximation may be inaccurate in some cases we will
not attempt to reﬁne the model further here. The
dynamics for the remaining three states depend
on the discrete state, i.e., the state of the three
switches. In all three cases,

−li xi if Si is OFF
(6)
ẋi =
ki − li xi if Si is ON.
k3 , k4 and k5 represent the synthesis rates of
SigH, SpaRK and SpaS when the corresponding
genes are ON; l3 , l4 and l5 represent the natural decay rates. The model can be formulated
in the context of piecewise deterministic Markov
processes (Davis, 1984) and can be easily coded in
simulation, see (Kouretas et al., 2006) for details.
A sample run of the model is given in Figure 1. Notice that, for the given initial conditions, the early
evolution of the system is deterministic; stochastic phenomena do not appear before the seventh

way of J(θ|Yθ∗ ). In practice, given the stochastic
nature of the system, several outcomes of Yθ and
Yθ∗ will be considered. These will be indicated by
Yθi∗ , with i = 1, . . . , N , and Yθj , j = 1, . . . , M , and
will be assumed to be statistically independent of
each other. As a ﬁtness function we shall use the
Normalized Cross Correlation (NCC)
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Fig. 1. One execution of the true model.
hour, when the subtilin production mechanism is
triggered for the ﬁrst time.
3. IDENTIFICATION
We assume that the “experimental” data consist of noisy observations of regularly sampled
food and population proﬁles. As was mentioned in
the introduction, experimental data are replaced
by synthetic data generated by the model:
Yθ∗ = [Y1 (δ|θ∗ ) Y2 (δ|θ∗ ) . . . Y1 (nδ|θ∗ ) Y2 (nδ|θ∗ )]T
where Y1 (kδ|θ∗ ) and Y2 (kδ|θ∗ ) denote nutrient
level and population measurements, in the order,
at the observation times kδ, with k = 1, . . . , n,
and θ∗ is the vector of “true” parameter values.
Given data Yθ∗ , we wish to estimate the following
vector of parameters:
θ = (k2 , k3 , k4 , k5 , l3 , l4 , l5 ).
The remaining parameters of the model, namely
r, k1 , η, c and c , are assumed to be known.
These parameters could be inferred from the early
deterministic evolution of x1 and x2 with little
diﬃculty, under the biologically relevant assumption that the initial food level is above threshold
η and that x3 (0) = x4 (0) = x5 (0) = 0 (i.e. stochastic subtilin production is initially inhibited).
Let J(θ|Yθ∗ ) be a ﬁtness function that quantiﬁes
how well the model with parameters θ explains
the data Yθ∗ ; the larger the value, the better the
ﬁt. The identiﬁcation problem is formalized as
follows: ﬁnd
θ̂ ∈ arg sup J(θ|Yθ∗ ),
θ∈Ξ

(7)

where Ξ is the space of admissible parameter
values. Given the complexity of the subtilin production model, we choose to evaluate candidate
parameter vectors θ by simulation. That is, nutrient level and population data
Yθ = [Y1 (δ|θ) Y2 (δ|θ) . . . Y1 (nδ|θ) Y2 (nδ|θ)]T .
are synthetically generated by running the model
with parameter θ, and are compared to Yθ∗ by

Yθ∗
T

Yθ∗ Yθ∗

T

E

Yθ
Yθ T Yθ

(8)

where the expectations are computed empirically
from the data by the formula
⎛
⎞
N M
i T j
Yθ∗ Yθ
1 1
⎝
⎠ . (9)
N M i=1 j=1
T
jT j
i
i
(Yθ∗ Yθ∗ )(Yθ Yθ )
This corresponds to aligning the mean of the
simulated data (i.e. of the estimated model) to
that of the experimental data while favoring small
variance. As shown in (Koutroumpas et al., 2006)
by model validation, NCC outperforms other relevant ﬁtness functions.
3.1 Genetic Algorithm
Genetic Algorithms (GA) are stochastic search
methods inspired by the evolutionary ideas of natural selection. The basic concept of GA is to mimic
the mechanisms of natural selection that follow
the principles of “survival of the ﬁttest”. Whereas
most stochastic search methods operate on a single candidate solution of the problem at hand,
genetic algorithms operate on a population of solutions (of constant size). In the language of GAs,
a “genome” is the binary coding of a candidate
solution for an unknown vector of parameters θ.
The GAs use various selection criteria to pick the
individuals with the best genome for “mating”. A
ﬁtness function (in this work, NCC) determines
how “good” each individual is and determines its
mating probability. After the mating individuals
have been selected, suitable stochastic “crossover”
and “mutation” rules are applied to them to create the individuals of the next generation (i.e.
the new parameter guesses). Randomness ensures
that the algorithm keeps exploring the parameter
space and alleviates the risk of getting stuck into
local maxima. In (Koutroumpas et al., 2006) it
has been shown that a suitable implementation
of GA provides approximate solutions of (7) that
explain the observed data reasonably well, but
poor parameter estimation accuracy is attained.
This is possibly due to the small sensitivity of
the nutrients and population outcomes to changes
in the unknown parameter θ, and it is unclear

whether improvements may be obtained by repeated runs of genetic optimization. For the sake
of conciseness, the details of the implementation
are omitted here. The interested reader is referred
to (Koutroumpas et al., 2006).

3.2 Markov Chain Monte Carlo
Markov chain Monte Carlo (MCMC) methods are iterative algorithms for sampling from a
probability distribution that is too complex to
be handled directly. The idea is to construct a
Markov chain that has the desired distribution
as its stationary distribution. Literature provides
many variants of MCMC, all of them relating to
the general framework of Metropolis (Metropolis
et al., 1953) and Hastings (Hastings, 1970). In the
Metropolis–Hastings algorithm, at each iteration
t, the next state Zt+1 of the chain is chosen by
drawing a candidate point Z̃ from a convenient
proposal distribution q(·|Zt ). The candidate point
Z̃ is then accepted with probability α(Zt , Z̃),
where
α(z, z̃) = min (1, π(z̃)q(z|z̃)/π(z)q(z̃|z))
where π is the desired stationary distribution. If
the candidate point is accepted, the next state
becomes Zt+1 = Z̃, else the chain does not
move, i.e. Zt+1 = Zt . It can be shown that,
after an initial transient (“burn-in”), the accepted
states are distributed according to π. In this
work MCMC is used as a technique to solve
optimization (7). Let us interpret the candidate
values of θ as the outcomes of a random variable
Θ. Consider the stochastic model formed by Θ
and the M random vectors Yθi . These vectors are
conditionally independent given Θ = θ and have
identical distribution pθ (y). Following (LecchiniVisintini et al., 2006), the Metropolis–Hastings
algorithm may be implemented so to obtain joint
realizations of Z = (Θ, YΘ1 , . . . , YΘM ) from the
following distribution:
π(θ, yθ1 , . . . , yθM ) ∝

M


J(yθi )pθ (yθi )

(10)

i=1

where J(y) is a reward function for outcome y:
J(y)  E

Yθ∗
T
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T

y
yT y

.

(11)

In this case the marginal distribution of Θ is:

M
π(θ) ∝
J(y)pθ (y)dy
= J(θ|Yθ∗ )M .
Therefore, by choosing a suﬃciently large M ,
this function can be peaked around the maximum points of J(θ|Yθ∗ ). This allows to ﬁnd approximate solutions to optimization (7)–(8) in

that, after the burn-in period, the MCMC extractions of Θ will concentrate around the maxima of
J(θ|Yθ∗ ). In practice, the expectation in (11) is
evaluated empirically oﬄine by a formula analogous to (9). The procedure is formalized in Algorithm 1. A detailed discussion of the implementation may be found in (Lecchini-Visintini et
al., 2006) and references therein. A critical issue
Algorithm 1 MCMC algorithm
Set t = 0
Generate θ0 ∼ q(θ)
Generate yθi 0 ∼ pθ0 (y), i = 1, . . . , M
M
Set π(θ0 ) = i=1 J(yθi 0 )
repeat
Set t = t + 1
Generate θ̃ ∼ q(θ)
Generate yθ̃i ∼ pθ̃ (y), i = 1, . . . , M
M
Set π(θ̃) = i=1 J(yθ̃i )


θ̃)q(θt−1 )
Set α(θt−1 , θ̃) = min π(
,
1
π(θ
)q(θ̃)
t−1

Sample auniform (0, 1) random variable U
θ̃,
if U ≤ α(θt−1 , θ̃);
Set θt =
θt−1 , otherwise.
until False
is the choice of the proposal distribution q. The
closer q is to π, the more eﬀective is the random sampling of new candidates and the faster
is the convergence of the chain. In the lack of
reasonable approximations of π, a common choice
is the random walk Metropolis Chain given by
q(·|xi ) = N (xi , σ 2 )(·). This choice guarantees
that the algorithm keeps exploring the parameter
space. However, the eﬃciency of the algorithm
is very limited and lack of or slow convergence
may occur. This increases the number of initial
parameter samples that do not correspond to the
target distribution and must be discarded, with
signiﬁcant waste of simulation time.
4. COMBINED GA–MCMC IDENTIFICATION
In (Lecchini-Visintini et al., 2006) an iterative
procedure has been proposed to adapt MCMC
optimization to the distribution of interest and
thus ensure faster chain convergence. According
to this method, parameters are initially estimated
by a random walk search. The search policy is
then reﬁned iteratively: several MCMC runs are
executed, each with proposal distribution equal to
a mixture of Gaussian distributions with means
selected among the parameter estimates of the
previous run. The results obtained by this implementation are presented in Figure 2. The accepted states (black crosses) are shown in scatter
plots reporting the value of the ﬁrst component
of θ versus each of the other components. The
white circles correspond to the real parameters.

Due to the large number of unknown parameters
and the complexity of the model (i.e. of the target distribution), the chain suﬀered from lack of
convergence. “Bad” and “good” parameters were
equally accepted, yielding estimates that cover
the entire parameter space. In principle, the obstacle may be overcome by simply letting the
algorithm run long enough. However, because of
the signiﬁcant amount of time needed to simulate the model (about 5 seconds per run) a large
amount of MCMC iterations is infeasible (20000
runs required 22 hours of computation). To improve convergence, the idea is to replace the initial
random walk search of the parameter space with
a convenient number of GA runs. While repeated
runs of GA optimization may still be unable to
guarantee consistent parameter estimates, they
provide initial parameter guesses that can be used
to “bias” the MCMC search towards the most
relevant regions of the parameter space. In our
implementation, the initial proposal distribution
of MCMC is set to a mixture of Gaussian distributions with means given by the parameter
estimates provided by H GA runs. Compared to
random walk, this search distribution is already
adapted to the actual shape of the target function.
This induces the chain to converge in fewer iterations with signiﬁcant savings in computational
time. The coupled GA-MCMC procedure is summarized in Algorithm 2.
4.1 Results
The results by the implementation of the above
algorithm with N = 100, H = 200, M = 5
and σ = 0.5 are presented in Figure 3. Comparison with Figure 2 allows one to appreciate the improvements. Accepted parameter values form clouds about the true values. In a
realistic setting where the true parameters are
unknown, this allows one to choose the parameters so that the behavior of the estimated
model reﬂects the experimental data. Figure 4
illustrates the relevance of the accepted values

t−1

Sample uniformly
U ∈ (0, 1)

θ̃,
if U ≤ α(θt−1 , θ̃);
Set θt =
θt−1 , otherwise.
until False

Fig. 3. Accepted states with coupled GA-MCMC.

Fitness of the estimated model (−log(1−J))

Fig. 2. Accepted states with MCMC.

Algorithm 2 Coupled GA–MCMC algorithm
Run Genetic Algorithm optimization H times
and store the results in a matrix G.
Set t = 0
Sample uniformly h ∈ (0, H).
Generate θ0 ∼ q(θ) = Gaussian(G(h), σ 2 I)
Generate yθi 0 ∼ pθ0 (y), i = 1, . . . , M

i
Set π(θ0 ) = M
i=1 J(yθ0 )
repeat
Set t = t + 1
Sample uniformly h ∈ (0, H).
Generate θ̃ ∼ q(θ) = Gaussian(G(h), σ 2 I)
Generate yθ̃i ∼ pθ̃ (y), i = 1, . . . , M
M
Set π(θ̃) = i=1 J(yθ̃i )


θ̃)q(θt−1 )
Set α(θt−1 , θ̃) = min π(
,
1
π(θ
)q(θ̃)
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Fig. 4. Fitness of GA-MCMC accepted states.
in terms of their distance from the real parameter vector. The parameters closest to the
real ones (θ∗ = [0.4, 0.5, 1, 1, 0.2, 0.2, 0.2]) are
θ = [0.284, 0.492, 0.968, 1.053, 0.433, 0.125, 0.174]
and one execution of the corresponding model is
shown in Figure 5.
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5. CONCLUDING REMARKS
We have presented a randomized technique for
the parameter identiﬁcation of a model of subtilin
production by Bacillus subtilis. The method relies on the application of GA optimization as an
initialization step for MCMC optimization. This
allowed to speed up the execution of MCMC while
preserving the theoretical convergence properties
of MCMC that are not guaranteed by GA. Numerical simulations conﬁrmed the goodness of our approach, in that MCMC optimization was largely
improved by GA initialization. For the speciﬁc
problem at hand, MCMC optimization provided
evidence that estimation performance is aﬀected
by the weak identiﬁability of the parameters, i.e.
a large domain of the parameter space explaining
the data almost equally well. Developments of the
work are twofold. On one hand, more extensive
simulation and theoretical considerations may improve the deﬁnition of ﬁt between experimental
and synthetic data. On the other hand, application of the method to several other biological
models is in our aims.
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