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Abstract. Modeling and simulationtechniquesdevelopedwithin
qualitative reasoningnight be profitably usedfor the analysisof ge-
netic regulatory systems A major problemwith currentqualitatve
simulationtechniquess their lack of upscalability We describea
methodthatis ableto dealwith large andcomplex systemsanddis-
cussits performancen simulationexperimentswith randomregula-
tory networks.

1 Introduction

In thelastfew years piologistshave completedhesequencingf the
entiregenomeof modelorganismdike S. cerevisiaeandE. coli, and
the humangenomeis expectedto follow without muchdelay The
analysisof thesehuge amountsof datainvolves suchtasksasthe
predictionof folding structuresof proteinsandthe identificationof
genesandregulatorysignals.It is clear however, thatthe structural
analysisof sequencalataneedsto be complementedvith a func-
tional analysisto elucidatethe role of genesin controlling funda-
mentalbiological processes.

Oneof the centralproblemsto be addresseds the analysisof ge-
netic regulatory systemscontrolling the spatiotemporakxpression
of genesin the organism.The structureof theseregulatory systems
canberepresentedsa network of interactionsbetweengenespro-
teins, metabolitesand othersmall moleculesThe study of genetic
regulatorynetworkswill contrituteto our understandingf comple
processebk e thedevelopmentof a multicellularorganism.

Computertools areindispensabldor the analysisof geneticreg-
ulatory systems,as theseusually involve mary genesconnected
throughregulatory cascadesnd feedbackloops. Currently only a
few regulatorynetworks arewell-understooan the molecularevel,
and quantitatve knowvledge aboutthe interactionsis seldomavail-
able.Thishasstimulatecaninteresin modelingandsimulationtech-
niguesdevelopedwithin qualitatve reasoning(QR), most notably
QSIM [9] andQPT [2]. QR methodshave beenappliedto the regu-
lation of tryptophansynthesig7] and X phagegrowth [6] in E. coli,
andto the regulation of the transcriptionfactor families AP-1 and
NF-xB in differentclasse®f animals[19].

A major problemis thelack of upscalabilityof theseapproaches.

As a consequencef the weaknatureof qualitative constraintsand
the difficulty to identify implicit constraintspehaior treesanden-
visionmentsquickly grov out of bounds.This causeshe rangeof
applicationof the methodsto be limited to regulatory systemsof
modestsizeandcompleity. Systemf evenafew genegelatedby

1 InstitutNationaldeRecherchenInformatiqueetenAutomatique(INRIA),
Unité de RechercheRhone-Alpes,655 avenuede I'Europe, 38330Mont-
bonnotSaint-Martin,France email: Hidde.de-Jong@inrialpes.fr

2 Universié Pierre Mendes France,Grenoble,France email:
Michel.Page@inrialpes.fr

positive andnegative feedbackoopscannotbehandledunlessthese
systemshave beensowell-studiedalreadythatbehaior predictions
canbetightly constrained.

In this paperwe will shawv thatit is possibleto qualitatively anal-
ysegeneticregulatorynetworks of largersizeandcompleity. In or-
derto achieve this, we describethe systemdby a classof piece-wise
linear differential equations(PLDES) putting strong constraintson
possibletrajectoriesn the phasespace Simulationis carriedout by
an algorithmtailoredto this classof models.The methodhasbeen
implementedn Java and usedfor the simulationof regulatory net-
works of currently up to 18 genesinvolved in complex feedback
loops.

In the next two sections,we will introducethe classof PLDEs
by which geneticregulatory systemscan be describedand review
its mathematicaproperties.The subsequensectionsintroducethe
qualitative simulationalgorithmandpresentheresultsof simulation
studies.

2 Modeding genetic regulatory systems

In Fig. 1(a) a simpleexampleof a regulatory network is shawn, in-
volving threegenesand their mutualinteractions A regulatoryin-
teractionis heredefinedasa relationbetweena regulatedgeneand
oneor moreregulatinggenesTheregulatinggenescodefor proteins
that control the expressionof the regulatedgene,by functioningas
atranscriptiornfactoror otherwise An interactionhasmorethanone
regulatinggene,if the correspondingroteinsfulfill their regulatory
functioncooperatrely, aswhentwo proteinsform a heterodimerin
thefigure, the expressionof gene2 is controlledthroughoneinter-
actioninvolving two regulatinggenesandgene3 throughtwo inter-
actionsinvolving oneregulatinggene A genepositively (negatively)
regulatesanothergene,if the proteincodedfor by the formertends
to activate(inhibit) the expressiorof thelatter.

Generegulationis often modeledby differentialequationsof the
form

&i = fi(x) — vizi, £ >0, 1 < i < n, (1)

where x is a vector of cellular concentrationsof gene products
(mRNAs or proteins),y; thedecayrateof x;, and f; ausuallyhighly
nonlinearfunction [3, 11, 18]. The rate of expressionof genei: is
dependentupon the concentrationge, possiblyincluding the con-
centrationof the productof genei. The term —v;x; statesthat z;
degradesat a rate proportionalto the concentrationitself. Egs. (1)
arecalledthe stateequationf the regulatorysystem.

The functions f; in (1) canbe further specifiedasa sum of in-
teractionterms correspondingo the interactionsin the regulatory
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(a) Exampleregulatorynetwork modeledby the stateequationsn (b) andthethresholdandnulicline inequalitiesn (c)-(d). A regulatorynetwork is

adirectedgraphof geneqvertices)andinteractiongdirectededges)whereinteractionsnvolving severalregulatinggenesarerepresentety directed
hyperedgesThesymbols'+’ and‘—' denoteactivating andinhibitory relations respectiely.

network. More precisely for eachinteractioninvolving a regulated
gene: and a set of regulating genes.J, the sum containsa term
kis [[;e57(x;), wherer(z;) is aregulationfunctionandr;; arate
constantleterminingthe maximumexpressionlevel of i underthe
influenceof .J.

A regulationfunctionr(z;) accountdor the variationin expres-
sionlevel of genei with the concentrationx; of the productof gene
j. A regulationfunctionoftenfoundin theliteratureis theHill curve:

h* (x5, 005, m) = 2]/ (2] + 65), 2

whered;; denoteshethresholdor theinfluenceof j oné, andm > 1
a parametedeterminingthe steepnessf the function around6;;.
Thefunctionrangesrom 0 to 1, andincreasessz; — oo, sothat
j positively regulatesi. In orderto expressthat j negatively regu-
latesi, the regulationfunction A" (x4, 6:;, m) mustbe replacedby
h™(zj,0:5,m) = 1 — k¥ (z;,0:;, m). In Fig. 1(b) the stateequa-
tionsfor the examplenetwork areshown.

Dueto the nonlinearcharacterof the functions f;, analyticalso-
lution of the stateequationg1) is not possible. The nonlinearterms
canbe eliminatedby replacingthe continuousHill function by the
discontinuoustepfunction:

1, 2> 64,
s (xj,0i5) = {O xj < 9_?
’ J VA

The resulting equationsare piecavise-lineardifferential equations
(PLDEs)of theform

®)

whereb; is apiecavise-constanfunction.In particular b; is asumof

productsof stepfunctionsweightedby arateconstantThe approxi-
mationof a continuoussigmoidby a discontinuoustepfunctionhas
beenijustified on the groundof the switch-like charactedisplayed
by geneswhose expressionis regulatedby steepsigmoid curves
[3, 4, 18]. In what follows, we will assumehat geneticregulatory
systemsaremodeledby PLDEsof theform (4).

3 Mathematical analysis

Egs.(4) have beenwell-studiedin mathematicabiology[3, 4, 5, 10,
11,12, 13 14,16,17,18]. Considerann-dimensionalhyper)boxof
thephasespacedefinedasfollows:
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o

mazxs

T1 = K12 — 7121
j?g = —72T2

T3 = K31 — V373

Figure2. Thephasespacebox of themodelin Fig. 1, dividedinto 18
volumesby thethresholdplanesThe stateequationgor the volumein bold
definedby 0 < z1 < 021, 012 < z2 < maza, andlss < x3 < mazz are

shawn in thelower right corner

0 < z; < maz; = maxb;(x)/vi, 1 <i<n. (5)
x>0

It can be shavn that all trajectoriesstartinginside the n-box will
remainin it, while trajectoriesstartingoutsidewill enterthe box at
sometime or approachit asymptoticallyast — oo. We assume
thatf;; < maz; for all genes; regulatedby genei. Then — 1-
dimensionathreshold(hyper)planes:; = 6;; divide the n-box into
volumes Thevolumesof then-box aredeterminedy the threshold
inequalities

0<oM <...<o®) < max,, (6)

obtainedby orderingandrenamingthe p; thresholdsy;; of genes.
Sincethe stepfunction is not definedat its threshold,Eqgs. (4) are
not definedin the thresholdplanesseparatinghe volumes.Fig. 2
displaysthe phasespacebox correspondingo the examplenetwork.
In eachvolumeof then-box, Egs.(4) reduceo volumestateequa-
tionswith aconstanproductiortermyu; composeaf rateparameters



in b;:

T = s —YiTi, £ >0, 1 <1< n. (7)

NoticethatEqgs.(7) arelinearandorthogonal Fig. 2 givesanex-
ampleof the stateequationscorrespondingo thevolume0 < z; <
021, 012 < z2 < mazxs, andfss < zsz < mazxs. It canbe easily
shavn thatwithin a volumeall trajectoriesevolve towardsa single,
stablefocal statep /-, which lies at theintersectiorof the nulicline
(hyper)planes:; = pu;/v; definedby &; = 0. As thenullclinesare
assumediotto coincidewith thethresholdplanesthefocal statewill
belocatedat somedistancefrom thethresholdplanes.
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Figure3. Thefocalstateof thevolumein Fig. 2 projectedonthez;-z3
plane.Dependingonwhetherssi /v3 > 633 or k31 /v3 < 633, thefocal
statelies insideor outsidethe volume.

The focal stateof a volume may lie inside or outsidethat vol-
ume. Whetherthe focal statelies inside or outsidethe volumeis
determinedby the nullcline inequalities which locatethe nuliclines
x; = wi/7: betweertwo subsequerthresholdof z;:

ol < pifyi <o 1< < ps, (8)
with the specialcases) < ui/v: < o andoP < pi/vi <
maz;. If for every i, u;/v; lies betweenthe thresholdboundaries
of the volume, thenthe focal statelies insidethe volume.If not, it
lies outsidethevolume(Fig. 3). Thenullclineinequalitiesfor theex-
ampleregulatorysystemareshavn in Fig. 1(d). Notice that several
nullcline inequalitieshave beenspecifiedfor x3, asa consequence
of thefactthat 3 changedetweendifferentvolumes.More gener
ally, the setof possiblenuliclinesin the ith dimensionis given by
{bi(x)/7: | 0 < x < maz}.

If thefocal statelies outsidethe volume,thetrajectorieswill tend
towardsoneor several of thethresholdplanesboundingthe volume.
Since(4) is notdefinedat the thresholdsspecialattentionshouldbe
given to the behaior of the systemasit approacheshe threshold
planes.Following [14], the behaior of the piecavise-linearequa-
tions(4) atthethresholdolaneds definedasthebehaior of theorigi-
nal nonlinearequationg1) in thelimit m — oo (seealso[13]). This
is motivatedby the obseration that, asm goesto co, the sigmoid
function (2) approachethe stepfunction(3).

Giventhis definition, two differentthingscanhappenwhenatra-
jectory approaches thresholdplanex; = 6;;. First, the trajectory
may be continuedby a trajectoryin the neighbouringvolume mov-
ing towardsa differentfocal statedeterminedby the volume state
equationf the new volume.In this casea transitionfrom the vol-
umeto its neighbouringvolumetakesplaceandthe thresholdplane

is transpareniSecondjf thefocal stateof the neighbouringvolume
is suchthat trajectoriesin that volume also approachthe threshold
planez; = 6;;, no transitionbetweenthe volumesis possibleand
thethresholdplaneis non-transparent

The global behaior of the PLDEsmay be quite complex andis
notwell understoodContinuationf trajectoriedn severalvolumes
may give rise to (oscillationstowards) additional steadystateslo-
catedat the intersectionof thresholdplanes,cycles, limit cycles,
or even chaoticoscillations(for n > 4) [5, 10, 12, 13, 14, 17].
Numerical simulationstudieshave shavn that, in mary casesthe
global behaior of the piecavise-linearsystems(4) and nonlinear
systemg(1) with steepsigmoidsexhibit the samequalitative prop-
erties[4, 13, 18].

4 Qualitative simulation method

Our methodperformsa qualitative simulationof regulatorysystems
describedy PLDEs(4). The basicideaunderlyingthe methodis to
determine,n an iterative way, all volumesthat arereachabldrom
an initial volume through successie volume transitions.For each
volumethathasbeenfoundreachablethepositionof thefocal state,
andhencethe possibletransitionsto new volumes,arecalculated.
Considera volumedefinedin the ith dimensionby two consecu-
tivethresholdsri(l” andnl(li“), 1< < pB Theinequalities

ogli) <zi < ogl'ﬁ'l) 9)
form the qualitative valueof x;, denotedby quv;. In additionto the
qualitatve valuefor x;, we have a qualitative valueqv, for &;, being
oneof thefollowing threeinequalities

@i >0, 4 <0, ord; = 0. (10)

If the nulicline planefor x; lies outsidethe volume,i.e., u; /v <
o) or /v > o, the qualitative valuewill bei; < 0 or

1
&; > 0, respectiely, everywherein thevolume.If thenullicline runs
throughthe volume,i.e., ofl’i) < pi/vi < ai(l"'“), it holdsthat
#; < 0 ononesideof thenullcline plane,i; > 0 ontheotherside,
andz; = 0 in thenullcline plane.The qualitative valueof &; in the
volumeis thenwritten asz; § 0.

Givenavolumew with avectorguv of qualitatve valuesfor x, qv
canbe easilyinferredfrom the equationsandinequalities(5)-(8) by
meanf basicalgebraiaules.As a consequencef the orthogonal-
ity of thevolumestateequationsthis canbe doneseparatelyn each
dimensionthusrequiringonly O(n) inferencesFor thevolumeem-
phasizedn Fig. 2, we find the vector|i1 § 0,2 < 0,23 < 0].

Thevectorgwv of qualitative valuesfor & expresseshepositionof
thefocal statewith respecto v, andhenceallows oneto determine
the possibletransitionsfrom v to neighbouringvolumes.A volume
v' definedby qv’ is a candidatesuccessovolumeof v, if thereis
exactly onei suchthatqu; = succ(qu;), wheresucc is definedin
Tablel, andquv; = qu; forall j # 4,1 < j < n. Thatis, only one
variablehaschangedts qualitative valuein the candidatesuccessor
volume,implying thatconcentrationef geneproductsareassumed
to neverreachtheir thresholdsimultaneously

For a candidatesuccessow’ to be an actualsuccessobof v, the
thresholdplaneseparating’ andv’ mustbetransparentThisimplies

3 The procedurecan be easilygeneralizedo the case® < p; /v < ogl)
(pi)

ando; < pi/vi < maz;.



qu; andqu, | suce(qus, qv;)

agli) <z < Ufl“'l), ;>0 O'i(lH_l) <@ < 01.(1”2)
o <z <o @ <0 | oY <2y < o
Ui(li) <xi < O’Z(ZZ-H), Ts ; 0 —

Table1l. Thefunctionsuce mappingqualitatve valuesfor z; andz; to a
successoqualitatve valuefor z;, 1 < I; < p; — 1. Thesuccessorelations
aremotivatedby basiccontinuityrestrictionsasin [9].

that, for the x; changingits qualitative valuein the transition,the
qualitative valuesof its derivative shouldnot be opposite Thatis, if
qu; # qu;, thennotgv; > 0 (< 0) andgv, < 0 (> 0),1 <i < n.
The simulation algorithm iteratively generatesjn a depth-first
manney all volumesthat are reachablgrom aninitial volume vin:
definedby qualitative valuesqwv,,;, .
pushgtack, vinit)
determinegv;,,;,
while not stack is emptydo
currentvolumev «— pop(stack)
declarev to bereachable
generateandidatesuccessovolumesof v
for all candidatesuccessors’ do
determinegv’
if v’ is actualsuccessor
then if not v’ is reachablend not v" on stack
then pushgtack, v’)

The volumesandtheir reachablesuccessorform a directedtransi-
tion graph The graphmay containvolumeswithout successorand
volume cycles, which will be togetherreferredto as attractors If
a volume hasno successorst either containsa steadystateor all
outgoingtrajectoriesapproacmon-transparernhresholdplane(s)in
the worst case the algorithmwill generate?((p + 1)™) reachable
volumeswherep is the maximumnumberof genesnfluencedby a
singlegene.
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Figure4. Thenumberof reachablevolumesfrom aninitial volumefor
modelswith £ = 2 andn = 2,... , 18. Eachdotin theplot representa
simulation.

5 Experimental results

The simulationalgorithmpredictsthe attractorghatmaybereached
from aninitial volumefollowing a sequencef volumetransitions.
From a biological point of view, this meansthatpossiblefunctional
statesof the regulatory systemare identified, given certaininitial
geneexpressiorlevels[8, 18]. As shavn in the previous section the
numberof reachablesolumestheoreticallygrows in an exponential
fashionThiscompromisesheobjective to dealwith largerscalereg-
ulatory systemsln orderto testwhetherthe average-casbehaior
is morefavorable,we have performeda seriesof computerexperi-
ments.

Theexperimentshave beencarriedout with animplementatiorof
thesimulationmethodin Java 1.2. The programreadsandparsesn-
putfiles with the equationsandinequalitiesspecifyingthe model of
the system(stateequationsthresholdand nulicline inequalities)as
well astheinitial volume.The coreof theprogramconsistf anin-
equalityreasonefor thedeterminatiorof g’ in themainloop of the
algorithm.We have developeda versionof Simmons’[15] Quantity
Lattice, adaptedo the particularitiesof the classof PLDEswe are
dealingwith. The outputproduceddy the programconsistof a tab-
ularrepresentationf thevolumetransitiongraph,alist of attractors,
andrun-timestatistics.The simulationsreportedoelav wererun on
a SUN Ultra 10 workstationwith 128 Mb of RAM.

In orderto studythe upscalingpropertiesof themethodsn a sys-
tematicway, we have carriedout experimentswith randomregula-
tory networks. For eachof the n genesin a network, k& inputswere
randomlychoseramongthe othergenesNext, thefunctionsf; were
randomlyselectedrom the setof all possiblefunctionswith & in-
puts.Further a randomorderbetweerthe thresholdof the regula-
tion functionswasgeneratedaswell asalower andupperthreshold
boundfor the nullcline terms u1; /~;. Eachof the modelsthus ob-
tainedwassimulatedfrom a randomly-selectedhitial volumein the
phasespace.

Theresultsof experimentswith 2 < n < 18 andk = 2 areshavn
in Fig. 4. For eachn, 25 simulationswere carriedout, eachwith a
differentmodelandinitial volume.Thenumberf volumesreachable
from the initial volumeis displayedas a function of n. The most
importantobsenation to be madeis that the average-caséehaior
is muchmorefavorablethanthe worst-casebehaior, shavn asthe
drawn line in the figure (noticethe logarithmicscaleof the y-axis).
Forn = 12, themediannumberof volumesreachableés 5418,about
1% of thetotal numberof volumesin the phasespace.

Figure5. Exampleregulatorynetwork for n = 8 andk = 3.

Fig. 4 shavs alarge spreadn the simulationresults.Simulations
for n = 16 give resultsvarying from 72 to 675,216reachablesol-
umes,althoughmostof thetime around10® volumesaregenerated.
A numberof factorscontritute to thesedifferencesin particularthe
distanceof theinitial volumeto thereachablattractorsandthenum-



berandthe sizeof theattractorsThe numberof reachablettractors
alsostrongly variesbetweensimulations.For n = 14, the median
numberof reachablattractords 2, with 7 simulationsyielding more
thanl00attractorsmostly cycles.

Althoughno simulationtook morethanhalf anhourto complete,
for n > 18 over onethird of the simulationsendedwith a memory
overflow dueto thelarge numberof volumesgeneratedThis seldom
if ever happenedor lower n. We have alsocarriedout simulations
for k = 3 andk = 4, thatis, for moredenselyconnectedetworks.
In thesecasesthe numberof reachablesolumestheoreticallygrowns
asO(4™) andO(5™). As for k = 2, theaverage-casbehaior tends
to be more favorable.However, for n > 13 simulationsstartedto
becomaentractablewith the currentimplementation.

Fig. 5 shavs anexampleof anetwork with n = 8 andk = 3 anda
large numberof positive and negative feedbackoops.The modelis
definedby atotal of 120 equationsandinequalities Simulatedfrom
arandominitial volume,3892volumesturn outto bereachableThe
trajectorieseitherendin the singlevolumewith a steadystateor in
oneof the14 cycles.

6 Discussion

The methodfor qualitative simulationof geneticregulatorysystems
presentedn this paperhasbeenshavn capableof dealingwith net-
works of larger sizeand compleity thanpossiblewith existing QR
methodsWe have modeledregulatorysystemsy a classof differen-
tial equationgutting strongconstrainton the local behaior in the
phasespacejn combinationwith a simulationalgorithmadaptedo
theseequationsCurrentlywe areableto dealwith networksof upto
18 geneswith 2 to 4 regulatorsper geneand complicatedfeedback
structuresThe simulationstudiesdescribecherepresenioneof the
first attemptgo systematicallyinvestigateupscalingof QR methods
in the context of a realisticapplication.The simulationmethodhas
beentailoredto one classof models,but the principlesunderlying
ourapproachmightbeapplicableto otherproblemsaswell.

Adaptationto a specificclassof modelsis the principalrespecin
which the approactpresentedn this paperdiffers from well-knowvn
QR methoddike QPTandQSIM [2, 9]. The expressiity andgen-
erality of the formalismhave beentradedfor the capabilityto deal
with largerandmorecomple systemsFor instancethe description
of the stateof a regulatory systemis achiezed on a higherlevel of
abstractionThebasicelementin our formalismis avolume,defined
by a vector of qualitatve values(rz(li) <z < aﬁ““). In QSIM
onewould have to distinguishindividual statesinside a volume as
well, suchasboundarystatedefinedby z; = (rfli) orx; = ogli“),
andnulicline statesdefinedby #; = 0. The methodpresentechere
thusabstractgrom trajectoriesnsidea volume,which amongother
thingsallows a morecompactrepresentationf the behaior of the
system.

Qualitatve methodsfor the analysisof geneticregulatory sys-
temshave beendevelopedin mathematicabiology aswell, the best-
known examplebeingBooleannetworks [8]. Simulationof Boolean
networks restson the assumptiorthat a geneis eitheractive or in-
active, and that geneschangetheir activation statesynchronously
Translatedto the formalism of this paper this meansthat thereis
only onethresholdoergeneandthatthresholdsarereachedimulta-
neously For mary purposestheseassumptiongretoo strong.The
use of randomnetworks to study the upscalingpropertiesof the
methodhasbeenstimulatedby Kauffman’s [8] simulationstudies
with Booleannetworks. The obsenation thattrajectoriesremainlo-
calizedin a small partof the phasespaceagreeswith theresultsob-

tainedfor Booleannetworks.

Thomasandcolleagueg18] have proposedh generalizedogical
methodthat permits multivalued activation statesand asynchronic
transitions.In fact, Snoussi[16] has demonstratedhat their for-
malism can be seenas an abstractionof a specialcaseof (4). Al-
thoughsimulationis possiblein the generalizedogical method,the
emphasidgs on the identificationof steadystates,ncluding steady
statedocatedon the thresholdplanes[13, 14, 17]. The useof log-
ical equationsabstractingrom differential equationsmalesit dif-
ficult to integrate (semi-fuantitatve information[1]. With the ad-
vent of cDNA microarraysand other nev measurementechnolo-
gies,(semi-)quantitatie geneexpressiordatais becomingavailable
in largeamounts.

Thesimulationmethodpresentedn this paperformsthecoreof a
systenmcurrentlyunderdevelopmentcalledthe GeneticNetwork An-
alyzer(GNA). Thesystemwill beusedto address problemof high
biological relevance,namelythe validation of hypothesizedegula-
tory networks by meanof expressiordata.
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