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Abstract. It often occursthat a systemcanbe describedby sev-
eral competingmodels.In order to distinguishamongthe alterna-
tive models,further information about the behavior of the system
is required.Oneway to obtainsuchinformationis to performsuit-
ably chosenperturbationexperiments.We introducea methodfor
theselectionof optimalperturbationexperimentsfor discrimination
amonga setof dynamicalmodels.Themodelsareassumedto have
theform of semi-quantitativedifferentialequations.Themethodem-
ploys anoptimizationcriterionbasedon theentropy measureof in-
formation.

1 Intr oduction

Scientistsandengineersarefrequentlyfacedwith situationsin which
agivensystemcanbedescribedby severalcompetingmodels. When
analyzingthesynthesisrateof a productin a catalizedchemicalre-
action,onemayendupwith severalequationsthatall satisfyasetof
measurements[13]. For themitotic clock of earlyembryos,a dozen
of modelspredictingtheobserved periodicbehavior of theconcen-
trationsof key proteinshave beensuggested[9].

In orderto identify which of thegivenmodelsbestdescribesthe
actualsituation,new observationshave to be made.Thesecan be
obtainedby performingsupplementaryperturbationexperiments. In
a perturbationexperimentthestructureof thesystemand/ortheex-
perimentalconditionsarechanged.An experimentdiscriminatesbe-
tweenthecompetingmodels,if thepredictionsof someof thecandi-
dates,whichhave beenproperlymodifiedto reflecttheexperimental
change,fit thenewly obtaineddatawhereasothersdonot.Theprob-
lem of modeldiscriminationcanthenbe definedasthe problemof
selectinganexperimentthatgivesrise to observationsmatchingthe
predictionsof asfew of themodelsaspossible.

The imprecisionof measurementsin the experiments,and the
complexity of the systemto be understood,do not always permit
detailedquantitative analysesto beperformed.To dealwith this,we
assumethatthemodelsaregivenin theform of semi-quantitativedif-
ferentialequations.Predictions,in theform of intervalsfor themodel
variables,arederivedby meansof semi-quantitativesimulationtech-
niques.Measurementsareconsideredto beintervalsaswell.

We presenta methodfor the systematicchoiceof perturbation
experimentsfor the discriminationof semi-quantitative dynamical
models.Experimentsareselectedon thebasisof a generalizationof
an entropy criterion suggestedby Box & Hill [2], which measures

the information incrementprovided by eachexperiment.The con-
ceptof entropy asa discriminationcriterion hasalsobeenusedin
statistics(e.g. [10]), andin model-baseddiagnosis(e.g. [4, 12]). A
novel aspectof our work is that we extendthis conceptto the case
of perturbationexperimentsand to situationsin which experimen-
tal systemsaredescribedby nonlinear, semi-quantitative dynamical
models.

Thein-principleapplicabilityof ourapproachis illustratedonaset
of competingmodelsof anoscillatory, second-ordersystem.Wewill
considersix modelsof amass-springsystemandillustratethechoice
of suitableperturbationsto discriminatebetweenthe models.The
principlesinvolvedin thisexampleareapplicableto theinvestigation
of morecomplex andlessunderstoodoscillatingsystems.

Thepresentationstartswith adescriptionof theproblemof model
discrimination.A numberof basicconceptsare introducedandthe
relationshipbetweenmodelsandexperimentsis given.Thecriterion
for choosingamaximally-discriminatingperturbationis describedin
Sec.3. In Sec.4, the applicationof themethodis illustratedon the
example.Sec.5 discusseslimitationsandextensionsof our method,
in thecontext of relatedwork in statisticsandmodel-baseddiagnosis.

2 Model discrimination by perturbation
experiments

Thesystemswe will be concernedwith in this paperare(physical)
systemscontrolledin experiments,alsocalledexperimentalsystems.
An exampleof an experimentalsystemsis a cell culture allowed
to grow undercontrolledenvironmentalconditions,includingnutri-
entsupplyandtemperature.Controlover anexperimentalsystemis
achievedby creatingandmaintainingits structureandby regulating
theexperimentalconditionsunderwhich thebehavior of thesystem
evolves.

Supposea set � of modelsof an experimentalsystemhasbeen
proposed.Let ���	��
 ) be the a priori probability of ��
��� being
the correctmodel of the system.The probabilitiescan be derived
from preliminaryobservationson thesystembehavior or theoretical
considerations.If noprior knowledgeabouttherelativeplausibilities
of themodelsexists,equalprobabilitiesareassumed.Wesaythatthe
modelsin � arecompeting. � is assumedto becomplete,that is,������� ���	��
������ .

In this paperwe will model experimentalsystemsby meansof
semi-quantitative differentialequations(SQDEs), that is, qualitative
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Figure1. Dampedmass-springsystemandtwo QDEs E � and E 8 describingthesystem(for thenotation,see[14]). Thevariablesreferto theposition F ,

velocity G , accelerationH , massE , gravity constantI , initial springelongationJ andfriction constantK . Thefollowing intervalscompletetheQDEsto SQDEs:L HNM:IPOCQRETSVUXW �&Y Z\[&]_^&Y `\[\a , L HNM:IPO7QbIBSVcDW Z&Y d\^&]	Z&Y d\^\a , L HeM&INOCQRJfS/cDW [&Y d&]hg&Y `\a , L HNM:IPO7QbKNS/c9W `&Y ^&]_`&Y i\a . Theinitial valuesfor thepositionandthevelocity areW `&Y Z&]4�PY �ja and W `&]_`\a , respectively. Theconstantk is specifiedby L HNM:IPO7Qbk�S/c9W g&]	g\a .
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Figure 2. SQBsderivedfrom  ¢¡ (Fig. 1). TheSQBin (b) is obtainedafteraperturbationof  ¢¡ , increasingtheinitial velocity to £�¤P¥ ¦&§_¨&¥ ¤j© .
differentialequations(QDEs)enhancedwith numericalinformation.
The quantitative information completinga QDE takes the form of
numericalrangesaddedto landmarksandof envelopesfor monotonic
functionconstraints[1]. Fig.1 showstwoSQDEsdescribingasimple
mass-springsystem.The modelsassumethat the forcesplaying a
role in theexperimentareaspringforceandafriction force,but they
differ in theprecisenatureascribedto theformer.

To distinguishbetweenthe models,additionalinformationabout
the systemis required.This information can be obtainedby per-
formingasuitablychosenperturbationexperiment. In aperturbation
experimentthe systemstructureor the experimentalconditionsare
modified.The changeshave to be reflectedon the competingmod-
els in sucha way that the operationson a model correspondwith
perturbationsof theexperimentalsystem(Fig. 3).

model

experimental systemsystem

model
perturbation

perturbed
prediction

experimental perturbed 

predictions

perturbation
execution

of experiment
observations

Figure 3. Correspondencebetweenperturbationexperimentsandmodel
perturbations.

In orderto predicttheconsequencesof a perturbation,we employ
thesemi-quantitativesimulationtechniquesQ2andQ3[1, 8]. Q2and
Q3 exploit thesemi-quantitative informationin anSQDEto refinea
qualitative behavior treeproducedby QSIM. More specifically, they
rule out qualitative behaviors or transformqualitative behaviors into
semi-quantitative behaviors (SQBs)in which the qualitative values
areannotatedwith numericalranges.Fig. 2 shows the oscillations
predictedby modelª ¡ , beforeandaftera perturbationthatconsists
in releasingtheobjectwith nonzeroinitial velocity.

A semi-quantitative behavior is a predictionof the interval value
of the variablesat the distinguishedtime-points, the time-pointsat
which somevariablechangesits qualitative value.For instance,the
SQBin Fig. 2(a)shows thatat «¬ , thetime-pointat which ® reaches
its maximumfor the first time, the value of ® lies in the interval¯R°²±*³�´¶µ�·N°²±�³�¸C¹¶º

.

In additionto predictionsof thevalueof avariableata time-point,
we might be interestedin the differencein value of a variablebe-
foreandafteraperturbation.Predictionsof therelativeinterval value
of variablescanbeobtainedby subtractingthepredictionsat corre-
spondingdistinguishedtime-pointsin thebehavior beforeandafter
a perturbation,so-calledmeaningfulpairsof comparison[3]. As a
consequenceof theuseof semi-quantitative information,thesepre-
dictionsmaybeweakerthannecessary. Weusethecomparativeanal-
ysis techniqueSQCA to obtainmoreprecisepredictions[14]. The
informationin Fig. 2 allows oneto infer, by subtractingranges,that
the difference »® ° ® at the pair of comparison¼_«½¬ · »«¿¾PÀ lies in the
interval

¯R°²±*³�´eÁ7·\°²±*³�¹e´¶º
. »® and »« refer to variablesin the perturbed

system.Application of SQCA refinesthis predictionby narrowing
theinterval to

¯R°²±*³�´CÂC·\°²±*³�¹C´Aº
.

The amplitudein the behavior of the perturbedmass-springsys-
tem,or thedifferencein amplitudein thebehaviors of theperturbed
andunperturbedsystems,are examplesof behavioral featuresthat
help in discriminatingcompetingmodelsof a system.A predicted
behavioral featureis an interval valuecalculatedfrom a setof pre-
dictionsby meansof an arithmeticfunction.This may simply be a
predictedvalueor a relative value,asin thecaseof a predictedam-
plitude.A lesstrivial featureis thefrequency of anoscillation,which
canbecalculatedfrom theinterval rangesof thedistinguishedtime-
pointsof two successive maxima.

Predictedbehavioral featuresneedto correspondwith observed
behavioral featuresof the system.That is, it shouldbe possibleto
relatea predictedbehavioral featureto somedirector indirectmea-
surementof quantitiesof the system.As measurementswill be as-
sumedto have theform of confidenceintervals, observedbehavioral
featuresareintervals.

The resultsof a perturbationexperimentcan be usedto recom-
putetheprobabilitiesof thecompetingmodels.Modelsof which the
predictionsdo not agreewith theobservationswill have ana poste-
riori probability equalto 0. The modeldiscriminationproblemcan
now beintuitively statedasfollows: find theexperimentwith values
for theobserved behavioral featuresthatmake a maximumnumber
of modelsimprobable.In thenext section,weelaboratethis intuition
by meansof anapproachbasedonconceptsfrom informationtheory.



3 Method for the selectionof perturbation
experiments

We will beinterestedin finding theperturbationyielding thehighest
incrementin information[2]. Considera behavioral featureÃ , with
interval valuesin ÄÆÅÈÇ . Let É¢�ËÊ bea perturbationexperiment,
whoseoutcomeyieldsa value ÃTÌÍ��Î ÏVÌ<0ÑÐeÒeÓCÔjÏVÌÖÕÑÐeÒeÓA× of thebe-
havioral feature,whereÏ>Ì is themidpointof theinterval ÃTÌ andÐ is
thesizeof theconfidenceinterval for Ã . Theinformationincrement
of É is formulatedasØ#Ù �	ÉB�<�=0 �Í�4��� ���	��
��\ÚbÛÜ�Ý�	��
y�/Õ

� � ��� ���	��
>ÞNÃ Ì �PÚbÛÜ�Ý�	��
>ÞNÃ Ì �AÔ (1)

where���	� 
 � and���	� 
 ÞPÃ Ì � arethea priori andaposterioriproba-
bilitiesof ��
 . Ø#Ù reachesitsmaximumwhentheaposterioriproba-
bilities of all modelsbut oneare0. A minimalvalueis attainedwhen
thea posterioriprobabilitiesareequal.

The ���	��
ßÞCÃ¢Ì¿� s in (1) arenot known, sincethey aredetermined
by theoutcomeof theexperiment.However, we canexpresstheex-
pectedvalueof

Ø#Ù
in termsof theprobabilitydistributions 2Và ÌAá â<ã


of thebehavioral featureÃ . For brevity, 2/Ì
 insteadof 2 à ÌAá â�ã
 will be
usedif no confusionaboutthe behavioral featurebeingconsidered
is possible.Thevalueof Ã predictedby � 
 underperturbationÉ is
an interval ä Ì
 Å=Ä , with distribution 2 Ì
;å ÄçæèÇ5éÝê definedas
follows

2 Ì
 �	Ï>���
Þ�Î Ï$0 Ð Ó Ô�Ï5Õ Ð Ó ×*ëìä Ì
 ÞÞ:ä Ì
 Þ Ô¿Î Ï50 Ð Ó ÔfÏ5Õ Ð Ó ×�ë¢äÌ
Èí�9î�Ôï Ô¿Î Ï50 Ð Ó ÔfÏ5Õ Ð Ó ×�ë¢äÌ
 �9î�Ô

(2)

where Þ\ð\Þ denotesaninterval length.2/Ì
 �	Ï/� expressestheprobability
that theempirically-determinedvalueof Ã is Î ÏT0�ÐCÒNÓ7Ô�ÏñÕDÐeÒeÓA× if
model � 
 is thecorrectmodel.(2) canbereplacedby thefollowing
equivalentexpression,wherethe 2/Ì
 s aredefinedaspiecewise-linear
functions:

2 Ì
 �	Ï/�<�

Ï50 äÌ
 ÕËÐeÒeÓ
ÞRä Ì
 Þ ÔfÏT��ÎRäòÌ
 0ÑÐeÒeÓ7Ô\äóÌ
 ÕôÐCÒNÓ¶×jÔÐÞbä Ì
 Þ ÔfÏT��ÎRäòÌ
 ÕôÐeÒeÓ7Ô ä Ì
 0ÑÐCÒNÓ¶×jÔ

0õÏ,Õ ä Ì
 ÕËÐeÒeÓÞRä Ì
 Þ ÔfÏT��Î ä Ì
 0ÑÐeÒeÓ7Ô ä Ì
 ÕôÐCÒNÓ¶×jÔï ÔfÏ í��ÎRä Ì
 0ÑÐeÒeÓ7Ô ä Ì
 ÕôÐCÒNÓ¶×jÔ

(3)

and ä Ì
 and ä Ì
 denotethelowerandtheupperboundof ä Ì
 , respec-
tively. Fig.4 illustratesthefunction 2 Ì? for anexperimentÉ consisting
of replacingtheobjectin themass-springsystemby a lighter object.
Thebehavioral featurein thiscaseis theinterval valuefor theampli-
tudeof thesystem.

Call theexpectedvalueof the informationincrement
Ø$ö �	ÉB� . By

definition, Ø$ö �	ÉB�ß� ÷ ��ø Ø#Ù �	ÉB�	2 Ì �	Ï/�	ù�Ï>Ô (4)

where 2 Ì �	Ï/�ò� ���4�������	� 
 �	2 Ì
 �	Ï/� . By substitutingthe expres-
sionfor

Ø#Ù �	ÉB� in (4) we get,

Ø5ö �	ÉB�ß� ������� �Ý�	� 
 � ÷ ��ø 2 Ì
 �	Ï/�Aú �õû\��� �Ý�	�ËüýÞPÃX�NÚbÛý���	�ËüþÞPÃT�
0 � û �-� ���	�ôü½�NÚbÛý���	�Ëü½�Aÿ¶ù�Ï>Ô (5)

0.46 0.510.41 0.670.62 0.72

0.1/0.21
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Figure 4. A plot of thefunction I Ì? for theamplitudeof themass-spring
systemin anexperimentconsistingof replacingtheobjectby a lighterobject

(O�� in thenext section).Thepredictionof model E ? (Fig. 6) perturbed
accordingto thisexperimentis

� Ì? c9W `&Y i\g&]	`&Y g��ja , and �õc `&Y � .
whereÃ(��Î Ï50¢ÐCÒNÓ7ÔjÏ,ÕËÐeÒeÓA× and

���	� ü ÞNÃX��� ���	�Ëü�	2 Ìü �	Ï/�2 Ì �	Ï/� (6)

via theBayesrule.Combinationof (5) and(6) gives,afteralgebraic
simplification,

Ø$ö �	ÉB��� �����-� ���	��
y� ÷ �-ø 2 Ì
 �	Ï/�\ÚbÛ
2/Ì
 �	Ï/�2 Ì �	Ï/� ù�Ï�� (7)

Theoptimalnext experimentto performis theonefor which (7)
is maximized.Intuitively, thecriterionfavorsexperimentsfor which
the correspondingmodel perturbationresultsin predictedintervals
for thebehavioral featurethatoverlapaslittle aspossible.On aver-
age,lessoverlapof theintervalswill increasethechancethata mea-
surementof the featurediscriminatesbetweenthemodels.This can
be illustratedby meansof the predictionsof the relative amplitude
by threealternative,equiprobablemodelsof themass-springsystem.
Considerthe caseof a perturbationÉÝ� replacingthe mediumwith
analmostfrictionlessmedium(setting6 to

ï
), anda perturbationÉ ?

increasingthemassto Îb�C�������7ÔP�CÓ�� ï �¶× (seeFig. 5). Theexpectedin-
formationincrementis higherfor É ? , asthepredictedintervalshave
lessoverlap.

0 0.55 0.56 0.58

  (a)

� ��!" � ��!# � ��!$
-0.32 -0.21 -0.19 0.330.4 0.44

(b)

� � %"�&� %# ��� %$
Figure5. Two setsof predictedbehavioral features(relative interval values
for theamplitude).In (a)

� Ì�'8 ] � Ì�'? and
� Ì�'( areobtainedfrom Eì8 , E ? andE ( , with perturbationsaccordingto O � (seenext section).In (b)

� Ì*)8 ] � Ì*)?
and

� Ì*)( areobtainedfrom thesamemodelswith perturbationsaccordingtoO ? . +-,ÝQRO � S>c `&Y `B�.�jg in (a),and+/,ÝQbO ? S>c `&Y �j�\i\g in (b).

If several behavioral featuresÃõ�¿Ô0�.�1�>Ô�Ã32 aretaken into account,
theformulain (7) remainsunchanged,exceptfor replacingÏ by 4 , Ä
by 5 �9Ä �76 �1�1�fÄ82 , thedistributions2/Ì
 �	Ï/� by joint probabilitydis-
tributions 2 à ÌAá â�'¶á 9 9 9já â;:eã
 ��4²� , andthe integral by a multiple integral.
Intuitively, thecriterion now tries to maximizethenon-overlapping
partsof the @ -dimensionalboxesin 5 thataredefinedby thevalues
for thebehavioral featurespredictedby the � 
 s.

The soundnessof the simulation algorithms referred to above
guaranteesthat the modelswill never be falsely discriminated.If
the measurementof the correspondingobserved behavioral feature
is correct,this implies that a modelwill never be rejectedon false
grounds.However, asaconsequenceof theincompletenessof theal-
gorithms,competingmodelsmayfail to bediscriminatedwhile they
shouldbe.

On thebasisof theselectioncriterion,a simplealgorithmcanbe
imaginedto identify the modelfrom � (if any) thatbestdescribes
therealsystemby meansof aminimalnumberof experiments.Let <
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Figure6. Models E ? -E/M togetherwith E � andE 8 in Fig. 1 form asetof competingmodelsfor themass-springsystem.ModelsE � andE ? assumelinear
springforce.Models E 8 and EH� assumesoft springforces(thestiffnessof thespringdecreaseswith thedisplacement),while thespringforcein E ( andE/M

is hard(thestiffnessincreaseswith thedisplacement).In E � , ET8 and E ( theaccelerationdependslinearlyon thevelocity. ThemodelsE ? , E � and E M
assumequadraticdependency. Themeaningof thevariablesandtheconstraintsfor

=?> QPOF*S and
=?> Q�OG:S is thesameasin Fig. 1.

É � É&8 É ? É � É (� � [0.9,1.1] [0.12,0.39] [0.8, 1.01] [0.63,0.97] [1.13,1.48]� 8 [0.9,1.1] [0.11,0.38] [0.81,1.01] [0.62,0.88] [1.57,2.02]� ? [0.9,1.1] [0.29,0.52] [0.88,1.01] [0.46,0.67] [1.24,1.65]� � [0.9,1.1] [0.34,0.55] [0.8, 1.0] [0.41,0.62] [1.22,1.64]� ( [0.9,1.1] [0.18,0.43] [0.81,1.01] [0.64,0.86] [1.34,1.77]� M [0.9,1.1] [0.23,0.51] [0.83,1.02] [0.41,0.62] [1.09,1.47]

(a)

Ø$ö �	É 
 �ÉÝ� 0É&8 0.5315É ? 0.0934É � 0.7499É ( 0.6504

(b)

Ø$ö �	É 
 �É�� 0É:8 0.3163É ? 0.1239É ( 0.1694

(c)

Table 1. (a)Predictionsfor featureQ � , theinterval valuefor theamplitudederivedfrom themodelsfor theperturbationsO � ]�RSR�RÝ] O ( . (b) Thevaluesof +/,
computedfor all perturbations,and(c) somevaluesof +/, afterapplicationof OT� (seetext).

beanumberbetween0 and1,determiningthethresholdabovewhich
weconsideramodelto bethebestrepresentationof thesystem.That
is, ��
 is assumedto bestdescribethe systemif ���	��
y�VUW< . Let���	� ü � bethea priori probabilitiesof themodelsandÊ a setof pre-
definedperturbationexperiments.

while ( XN��
Ö�$� å ���	��
�� í� ï and Y:��
V�X� å ���	��
��[ZK<
and not Ê empty)do

determineÉ5�$Ê for which
Ø$ö �	ÉB� is maximal

performexperimentcorrespondingto É , determineÃìÌ
computethea posterioriprobabilities�Ý�	� ü Þ ÃìÌ½�
set���	� ü � to ���	� ü Þ Ã Ì �
remove É from Ê

Thealgorithmselectsperturbationexperimentsuntil oneof the fol-
lowing happens:amodelhasasufficiently highprobability, all mod-
elshavezeroprobabilities,or all possibleexperimentshave beenex-
ecuted.If the algorithmterminateswith �Ý�	��
��+� ï for all models,
obviously theassumptionfor completenessof � is violated.

4 Exampleand evaluation

Considerthesix modelsof a mass-springsystemlistedin Fig. 1 and
Fig. 6 [11]. The modelsdiffer in the termsfor the spring and the
friction force.Theexperimentconsistsin stretchingandthenreleas-
ing the spring.Assumethe following perturbationexperimentscan
beperformed.ÉÝ� : replacethemediumby anapproximatelyfriction-
lessmedium(6�� ï ); É&8 : replacethe mediumby a morecompact
medium(6ó��ÎbÓP��\��CÔT]������¶× ); É ? : testwith aheavier objecthavingmassÎb�C�P���;�7Ô\�CÓ�� ï �¶× ; É � : testwith a lighter objecthaving massÎ ï ��^CÔ ï ��\¶× ;É ( : releasetheobjectwith initial velocity Îb�P���7Ô\ÓP��ÓA× .

We considerfour behavioral features:Ã � is the interval valueof
themaximumdistancefrom the restposition(theamplitude);Ãß8 is
the interval valueof the frequency of the system;Ã ? is the relative
interval valueof themaximumamplitudefor the perturbedandthe
originalsystem;andÃ � is therelativeinterval valueof thefrequency.

Valuesfor Ã � to Ã � have beenderived from the perturbedmod-
elsby meansof semi-quantitative simulationandcomparative anal-
ysis. The predictedintervals for the amplitudeare shown in Table
1(a).Thefirst perturbationgivesriseto identicalpredictionsfrom all

models.It is evident,even without looking at thevalueof
Ø5ö �	ÉÝ�¿� ,

thatthecorrespondingexperimentwill neverdistinguishbetweenthe
models.Therestof theperturbationsalsodo not give distinct inter-
valsfor this feature,but thepredictionsarenot entirelyoverlapping.
Hence,themeasurementsin thecorrespondingexperimentsmaydis-
criminatebetweenat leastsomeof themodels.

Assumetheamplitudeof thesystemto betheonly quantitymea-
suredin the experiments.Supposethe modelshave equala priori
probabilities���	� �A�T�_�1�.�Ü� ���	� M �X�Æ�7Ò�` and <1� ï ��^;� , that
is, a model is consideredbestif its probability is larger than

ï ��^;� .
At the first stepof the algorithm, É � is chosensinceit maximizesØ5ö

(seeTable1(b)).Assumetheexperimentis executedanda mea-
surementÎ ï � a�Ó ï ^CÔ ï �b�eÓ ï ^¶× is obtained.Themeasurementis not con-
sistentwith the predictionsderived from � � , �98 , and � ( for this
perturbation,so that the a posterioriprobabilitiesbecome0. The a
posterioriprobabilitiesof the other threemodelsafter the experi-
mentare���	� ? �²� ï �bÓ;]�] ï , ���	� � �õ� ï ��]�\;]�� and ���	� M �õ� ï ��]�\�];� .
In the next iteration, É&8 is selected(Table1(c)). Assumethe mea-
surementÎ ï ��] ï \ ï Ô ï � a ï \ ï × is obtainedwhich givesriseto theposte-
rior probabilities���	� ? ��� ï ��Ó;^��Sa , �Ý�	� � ��� ï ��]Sa�Ó;\ and ���	� M �Í�ï ��]�^�^;\ . Next, É ( is chosen.A measurementÎb���b�;]Sa ï ÔP�P��Ó�]�a ï × causes�Ý�	� ? ��� ï and the algorithm terminates,giving � M as the best
modelof thesystemwith ���	� M ��� ï ��\;��`Sa .

In order to evaluate the performanceof the method we have
adoptedthe following strategy. First, one of the models(� M ) was
arbitraryselected.“Experimental”datawasthenproducedby gener-
ating randomintervals within the predictionsof � M . The lengthof
therandomintervalswassetequalto thesizeof theconfidenceinter-
val of thebehavioral feature(Ðò� ï �b� in thecaseof theamplitude).
Finally, thealgorithmof theprevioussectionwasappliedgiventhese
data.This procedurewasrepeated20 timesandtheresultsanalyzed.

In only 15%of thecasesthemodelthatwasusedto generatethe
datawasidentifiedasthe singleremainingcandidate.In the restof
thecasesthealgorithmterminatedwith two to threecandidatemod-
elsthatcouldnotbediscriminated.Onaverage,for theidentification
of the model4 experimentswerenecessary. For comparison,when
the sizeof the confidenceinterval wastaken to be

ï � ï � , in 40% of
thecases� M wasidentifiedwith averagenumberof experiments2.5.
Theresultsshow, not surprisingly, thatwhenthemeasurementerror



is smaller, betterdiscriminationis achieved.
Now supposeall four featuresareconsidered,the othercircum-

stancesremainingthe same.In this case,É ( maximizes
Ø5ö

and it
is selectedas the bestexperiment(seethe table below). ValuesofÎb�P����]�a*Ô\�P��Ó�]�aC× and Î a ���CÓCÔcad��ÓCÓ¶× for the amplitudeandthe periodof
theperturbedsystem,for instance,give rise to theposterioriproba-
bilities �Ý�	� � ���e�1�1�B� �Ý�	� ( ��� ï and���	� M �����P� ï .

É � É:8 É ? É � É (Ø$ö �	É-
�� 0.4049 1.1429 1.5548 1.5285 3.1811

Theabove evaluationprocedurewasagainapplied20 times,now
for the situation that all four featuresare taken into account.We
foundthat theaveragenumberof experimentsnecessaryto identify
model� M was1.1.In only two of thecasesa seconditerationin the
algorithm wasnecessary. In all casescompletediscriminationwas
achieved.

The example illustratesthat when more behavioral featuresare
considered,a higher efficiency may be achieved: measuringonly
theamplitude,weneeded4 experimentsto discriminatebetweenthe
models,while taking into accountall four behavioral featuresa sin-
gleexperimentturnedout to besufficient.

Evaluationby meansof randomdatawasusedto investigatethe
performanceimprovementof thealgorithmfor experimentselection
with respectto randomselectionof perturbationexperiments.As-
sumetheamplitudeof thesystemis theonly quantitybeingmeasured
(Ð$� ï ��� ). After 20 timeswe againobtainedthat4 experimentsare
necessary, on average,to identify thecorrectmodel.Thereasonsfor
thelackof improvementof ourmethodwith respectto randomselec-
tion arethelargeoverlapbetween(someof) thepredictions,thehigh
measurementerrorassumed,andthelow numberof experimentspro-
vided.However, selectingtheexperimentsin randomorderwhenall
four featureswereconsidered,required3.2 experimentson average
to identify thecorrectmodel,whereasselectingtheexperimentsby
ourmethodrequiredonly 1.1experiments.

5 Discussionand conclusion

Wehavepresentedamethodfor thediscriminationamongcompeting
semi-quantitative modelsby selectingsuitableperturbationexperi-
ments.Themethodchoosesa maximally-discriminatingexperiment
by meansof a criterion basedon the entropy measureof informa-
tion. The applicationof this criterion wasillustratedin an example
concerningasetof competingmodelsof a mass-springsystem.

Informationtheoryhasbeenusedin model-baseddiagnosisto dis-
tinguish amongcompetingdiagnosesof a faulty system(e.g. [4]).
Like our method,thesemethodsproceedby makingnew observa-
tionsonthesystem.However, thework mentionedaboveis limited to
determiningthebestmeasurementpoint within a given experiment,
while we seekthe bestexperimentthat would permit optimal dis-
crimination.Struss[12] hasextendedtheapproachin [4] by finding
thebestoperatingconditionsthatwouldgiveriseto themostdiscrim-
inatoryobservations.Ourwork attemptsto generalizethismethodby
employing dynamicalmodelsandby extendingthe conceptof dis-
criminatingtestto discriminatingperturbationexperiment.

In statistics,the ideaof employing the entropy measureasa dis-
criminationcriterionhasbeenillustratedfor distinguishingbetween
quantitative algebraicmodels(e.g. [2, 10]). In [7] the entropy has
beenusedto designobservationsdiscriminatingamongrival water
quality models.However, theseexamplesarerestrictedto fully nu-
mericalmodelswith precisepoint measurements.In this paper, we
haveshown how thecriterioncanbegeneralizedto thecasethatonly
imprecise,approximateobservationsof thesystemareavailable.

Theideaof planningperturbationexperimentsfor modeldiscrim-
inationbasedon anentropy measurehasalsobeenproposedin [6].
Modelsof a geneticregulationnetwork arediscriminatedby vary-
ing theexpressionlevel of involvedgenesor the influenceof exter-
nal stimuli. This method,however, is limited to modelsin the form
of Booleannetworksandto binaryperturbations.This articlegener-
alizesthe approachin [6] by employing moreadvanceddynamical
modelsandby extendingtheconceptof perturbationexperiments.

Thework presentedherecanbeextendedinto several directions.
In practice,thenumberof possibleperturbationswill beinfinitewhen
the valueof a quantity canbe changedcontinuously. The problem
of modeldiscriminationasdefinedhereshouldthenbegeneralized.
Insteadof selectinga discreteperturbationthat hasbeenspecified
beforehand,a value for the quantity that maximizes(7) hasto be
chosen.An issueneglectedthusfar arethecostsassociatedwith ex-
periments.In practice,the costsfor performingan experimentmay
needto be balancedagainstits expectedutility. In thesecases,the
problemcanbe reformulatedasthe selectionof an experimentthat
maximizes

Ø5ö �	ÉB�AÒ�f:�	6hgLicj�	ÉB�4� , where f is a functiondependingon
the intendedapplication:onemay be interestedin effective experi-
mentswithout caringaboutexpenses,or preferlesscostlytests.

Furtherresearchwill concentrateon theextensionof themethod
along the lines mentionedabove, its comparisonwith othermodel
discriminationtechniques(e.g.[5]), andits applicationto real-world
systems.Currently, we are applying the approachto a model dis-
criminationproblemin biology: the regulationof the cell cycle in
early embryos[9]. This systemis describedby second-ordermod-
els andexhibits periodicbehavior similar to the oscillationsof the
mass-springexampleconsideredhere.
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