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Abstract

Computermodelingandsimulationare indispens-
able for understandingthe functioning of an or-
ganismon a molecularlevel. We presentan im-
plementedmethod for the qualitative simulation
of largeandcomplex geneticregulatorynetworks.
Themethodallows a broadrangeof regulatoryin-
teractionsbetweengenesto berepresentedandhas
beenappliedto the analysisof a real network of
biological interest,thenetwork controlling the ini-
titationof sporulationin thebacteriumB. subtilis.

1 Intr oduction
It is now commonlyacceptedin biology that most interest-
ing propertiesof an organismemerge from the interactions
amongits genes,proteins,metabolites,andothermolecules.
This impliesthat,in orderto understandthefunctioningof an
organism,thenetworksof interactionsinvolvedin genereg-
ulation, metabolism,signal transduction,and other cellular
andintercellularprocessesneedto beelucidated.

A geneticregulatory network consistsof a set of genes
and their mutual regulatory interactions. The interactions
arisefrom thefactthatgenescodefor proteinsthatmaycon-
trol the expressionof othergenes,for instanceby activating
or inhibiting DNA transcription[Lewin, 1999]. The study
of geneticregulatory networks hasreceived a major impe-
tus from the recentdevelopmentof experimentaltechniques
permitting the spatiotemporalexpressionlevels of genesto
berapidly measuredin a massively parallelway [Brown and
Botstein,1999]. However, in additionto experimentaltools,
computertools for themodelingandsimulationof genereg-
ulation processeswill be indispensable. As most genetic
regulatorysystemsof interestinvolvemany genesconnected
throughinterlockingpositiveandnegativefeedbackloops,an
intuitiveunderstandingof their dynamicsis hardto obtain.

Currently, only a few regulatory networks are well-
understoodon the molecular level, and quantitative infor-
mationaboutthe interactionsis seldomavailable. This has
stimulatedaninterestin modelingandsimulationtechniques
developedwithin qualitative reasoning(QR) [Heidtke and
Schulze-Kremer, 1998;Treleaseet al., 1999]. A majorprob-
lem with theseapproaches,basedon well-known methods
like QSIM [Kuipers,1994] andQPT[Forbus,1984], is their

lack of upscalability. Following approachesin mathematical
biology, de JongandPage[2000] have proposeda qualita-
tive simulationmethodcapableof handlinglarge andcom-
plex networks.

The aim of this paperis to generalizethe latter method
andto demonstrateits applicability to real networks of bio-
logical interest. The generalizationof the methodallows a
broaderrangeof regulatoryinteractionsbetweengenesto be
expressed.This enablesmore complex systemsto be ana-
lyzed,suchasthenetwork of interactionscontrollingtheini-
titation of sporulationin thebacteriumBacillussubtilis. We
have simulatedthe sporulationnetwork usinga modelcon-
structedfrom publishedreportsof experiments. The simu-
lationsreveal that an additionalinteraction,proposedin the
literaturebeforebut notyetexperimentallyidentified,maybe
involved.

In the next section,we will discussthe classof equations
beingusedto modelgeneticregulatorynetworks. The third
sectiondescribesthequalitativesimulationalgorithm,focus-
ing on the representationof the qualitative stateof a regula-
tory systemandthedeterminationof statetransitionsby the
simulationalgorithm. The subsequentsectionspresentthe
resultsof theanalysisof thesporulationnetwork aswell asa
discussionof themethodin thecontext of relatedwork.

2 Modeling geneticregulatory networks

2.1 Approximationsof regulatory interactions
In orderto modela geneticregulatorynetwork, we first have
to describetheregulatoryinteractionsin anempiricallyvalid
andmathematicallyrigorousway. Considera DNA-binding
proteinencodedby gene� , activatingtheexpressionof a tar-
getgene� . Therateof transcriptionof � asa functionof the
concentration	�
 of the regulatoryproteinfollows a sigmoid
curve [Yagil andYagil, 1971]. Below a thresholdconcentra-
tion � 
��� thegeneis hardlyexpressedatall, whereasabove
this thresholdits expressionrapidlysaturates.

Sigmoidcurvesarealsofoundin thecaseof morecomplex
regulatorymechanisms.Considerthe proteinsJ andK that
form adimerrepressingthetranscriptionof gene� (Fig.2(b)).
Analysisof a kinetic modelof this regulatorymechanismre-
vealsthat the rateof expressionof � dependsin a sigmoidal
fashionon thetotal concentrations	�
 and 	�� of J andK, re-
spectively. That is, both J andK needto be availableabove
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Figure1: Geneticregulatorynetwork underlyingtheinititation of sporulationin B. subtilis. For every gene,thecodingregion
andthepromotersareshown. Promotersaredistinguishedby thespecific � factordirectingDNA transcription.Theregulatory
actionof aproteintendingto activate(inhibit) expressionis indicatedby a ‘+’ (‘-’). As anotationalconvention,namesof genes
areprintedin italic andnamesof proteinsstartwith a capital.
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Figure 2: (a) Activation of a target gene � by a regulatory
proteinJ. (b) Inhibition of � by aproteincomplex J� K.

In the caseof steepsigmoids,thecombinedeffect of reg-
ulatoryproteinson geneexpressioncanbeapproximatedby
meansof Booleanfunctions[Kauffman, 1993;Thomasand
d’Ari, 1990]. Here we will rewrite a Booleanfunction in
termsof stepfunctionsandarithmeticsumsandmultiplica-
tions, following the procedureof Plahteet al. [1998]. For
theactivatorproteinin Fig. 2(a),we thusobtaina regulation
function ����	 
! #"%$'&)( �*	 
!+ � 
) , where &�( �  is a stepfunction
(Fig. 5) and $,-� a rate parameter. Similarly, the effect
of a regulatoryproteinrepressinggene� canbedescribedby�.�*	�
  /"0$'&!1 �*	�
 + �2
  , with &31 �*	4
 + �2
  /"65879&)( ��	4
 + �:
  .
The dimer repressorexamplein Fig. 2(b) leadsto the func-
tion �2;<�*	�
 + 	��  ="9$ ;4� 5>7?&�( ��	4
 + �:
  �&�( ��	@� + �3�  A .

Although the above discussionhasfocusedon the repre-
sentationof interactionsregulatingthesynthesisof proteins,
it alsoappliesto the degradationof proteins. Sigmoidrela-
tionsareobservedin the lattercaseaswell, so that the logi-
calapproximationsarevalid. In orderto formally distinguish
proteindegradationratesfrom proteinsynthesisrates,wewill
denotetheformerby B4; insteadof $ ; .

2.2 Stateequations
Thedynamicsof geneticregulatorynetworkscanbemodeled
by asystemof differentialequationssuggestedby Mestletal.
[1995], extendingearlierproposalsby GlassandKauffman
[1973] andThomaset al. [1990].

C	 ;D"FE3; ��G  H7JI!; ��G  	 ;A+ 	 ;=KL�M+N5�O � OQP=+ (1)

where G is a vectorof cellular proteinconcentrations.The
stateequations(1) definethe rateof changeof the concen-
tration 	R; asthedifferenceof therateof synthesisE ;A��G  and
the rateof degradation7SI ;A��G  	R; of theprotein. Exogenous
variablescanbedefinedby setting

C	R; "T� .
Thefunction E ;=UWVHX Y@Z8[\V Y�] is definedas

E ;^�_G  #"F`acbed ��; a ��G  fg��+ (2)

where �2; a �  is a regulationfunction and h a possiblyempty
set of indicesof regulation functions. The function I!; �  is
definedanalogouslyto (2), except that for reasonsthat will
becomeclearbelow, we demandthat I ;A�_G  is strictly posi-
tive. Notice that for the above definitionsof E ;A�  and I ;<�  ,
thestateequations(1) arepiecewise-linear. Equationsof this
form,andtheir logicalabstractions,havebeenwell-studiedin
mathematicalbiology (e.g.,[Lewis andGlass,1991;Mestl et
al., 1995;Thomasandd’Ari, 1990]).

Eqs.(1) and(2) generalizeuponthe formalismemployed
in [de JongandPage,2000] in two respects.First, the reg-
ulation functions � ; a �  may be the mathematicalequivalent
of any Booleanfunction,whereasin the earlierpaperit was
restrictedto logical functions composedof Booleanprod-
ucts. Second,the regulationof proteindegradationcannow
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Equilibrium inequalities: ]�� o4p_q����ep_q � {:p_q � (a)
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Equilibrium inequalities: {}|z~ � � o�|�~<�}�3|�~ �?����� vxw (b)

Figure3: Stateequations,thresholdinequalities,andequilibriuminequalitiesfor thegenes(a) spo0Eand(b) abrB in Fig. 1.
Thesubscriptsin theequationsreferto thesporulationgeneskinA ( �4� ), spo0E( &2� ), spo0A( & � ), sigA ( � ), sigH ( � ), andabrB
( �.� ).
be modeled,whereasbeforethe degradationratewasset toI!; �_G  N" B ; . Theseextensionsallow thestructureof complex
regulatorynetworksto beformalizedin a convenientway.

In Fig. 3 the stateequationscorrespondingto two of the
genesin the sporulationnetwork of Fig. 1 areshown. The
differentialequationin (a) statesthatspo0Eis transcribedat
arate $R�A� from a ��� -promoterwhenits repressorAbrB is be-
low its thresholdconcentration�3�}� � (i.e., &!1 �*	��}� + �3�}� �  ="�5 ).
In addition,for transcriptionto commence,the sigmafactor� � encodedby sigA needsto beavailableat a concentration
above the threshold � � � � (i.e., &)( �*	 � � + � � � �   "05 ). Spo0E
degradesata rateproportionalto its own concentration.
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Figure4: (a) Two-dimensionalphasespacedividedinto reg-
ulatorydomainsby thethresholdplanes.Theshadedregula-
tory domaindefinedby ��³ � � 1µ´A¶´ · 	 ´ · ��³ �

� ¶´ and ��³ � � 1µ´A¶¸ ·	 ¸ · � ³ � � ¶¸ hasa target equilibrium in an adjacentregula-
tory domain.(b) Thesamephasespacewith switchingzones
aroundthethresholdplanes.

2.3 Thr esholdand equilibrium inequalities
In general,a protein encodedby a genewill be involved
in differentinteractionsat differentthresholdconcentrations.
Although exact numericalvalueswill not usually be avail-
able,we canorderthe ¹ ; thresholdconcentrationsof gene� ,
which givesthethresholdinequalities

� · � ³ ´<¶; ·%º:º2º�· � ³°»:¼ ¶; ·9½¿¾:À�Á<º (3)

The parameter½Â¾2À Á denotesa maximumconcentrationfor
theproteindenotedby � .

For the sporulationgeneabrB two thresholdsaredefined,� �}� � and � �}� � . AbrB hastwo thresholdconcentrations:� �}� �
and �3�}� � . Thefirst thresholdcorrespondsto therepressionof
spo0E, sigH, andotherearlysporulationgenesby AbrB. The
secondthresholdcorrespondsto the autoregulationof abrB
duringvegetativegrowth, whenAbrB levelsareat theirhigh-
est. This motivatesthe orderingof the AbrB thresholdsin
Fig. 3(b): �3�}� � · �3�}� � .

The P/7T5 -dimensionalthresholdhyperplanes	 ;Ã" � ³ � ¼ ¶; ,5�O � ;'O ¹ ; divide thephasespacebox into regions,called
regulatorydomains(Fig. 4). Within eachregulatorydomain,
the stepfunction expressionsin (2) canbe evaluated,which
reducesE3; �  and I!; �  to sumsof rateconstants.That is, E3; �  
simplifiesto someÄµ;ÆÅÈÇÉ;�ÊÌË E ;A��G  ¿ÍDÎTO G O,ÏFÐ GfÑ ,
and I ;<�  to someÒÓ;ÃÅÕÔÆ;#ÊÖË I ;A��G  WÍ.ÎJO G OÈÏFÐ GfÑ . The
setsÇ?; and ÔÆ; collectthedifferentsynthesisanddegradation
ratesof theproteinin differentdomainsof thephasespace.

It can be easily shown that all trajectoriesin a regula-
tory domaintend towardsa single,stablesteadystate G "×ÙØÓÚ , the target equilibrium, lying at the intersectionof
the hyperplanes	 ;É" Ä ; Ø Ò ; [Glassand Kauffman, 1973;
Mestlet al., 1995;Thomasandd’Ari, 1990]. Thetargetequi-
librium level Äµ; Ø ÒÓ; of the proteinconcentration	R; givesan
indicationof thestrengthof geneexpressionin theregulatory
domain.

As in thecaseof thresholdparameters,exactnumericalval-
uesfor therateconstantswill not usuallybeavailable.How-
ever, it is possibleorderthe possibletarget equilibrium lev-
elsof 	@; in differentregionsof thephasespacewith respect
to the thresholdconcentrations.´ The resultingequilibrium
inequalitiesdefinethe strengthof geneexpressionin a reg-
ulatory domainin a qualitative way, on the scaleof ordered
thresholdconcentrations.Moreprecisely, for every Äµ;#Å ÇÉ; ,ÒÓ;=Å ÔÆ; , we specifysomeÛc; , 5�O Ûc; · ¹M; , suchthat

� ³
a
¼ ¶; · Ä ; Ø Ò ; · � ³

a
¼ (Ü´<¶; + (4)

with specialcases� · Äµ; Ø ÒÓ; · � ³ ´<¶; and � ³°» ¼ ¶; · Äµ; Ø Ò3; ·½¿¾:À Á .Inspection of the state equationsof AbrB shows thatÇ?�}� " Ë �M+�$DÝ�Þ Ñ and Ô8�}� " Ë:B Ý�Þ Ñ . The equilibrium levelß
Theequilibriuminequalitieshave alsobeencallednullcline in-

equalities[deJongandPage,2000], becausetheequilibriumlevels
correspondto nullcline hyperplanesin thephasespace.



$ �}� Ø B4�:� is placedabove the highestAbrB threshold,since
otherwiseà the concentrationof AbrB would never be able
to reachor maintaina level at which negative autoregula-
tion takes place. This leadsto the equilibrium inequalities�3�}� � · $ �}� Ø B��}� ·9½Â¾2À Ý�Þ .The thresholdandequilibrium inequalitiesdeterminethe
signof

C	 ; in aregulatorydomain,andhencethelocaldynam-
ics of thesystem.In fact,givena regulatorydomaindefined
in dimension� by � ³ � ¼ ¶; · 	R; · � ³ � ¼ (Ü´A¶; , it canbeshown that,

if Äµ; Ø ÒÓ; · � ³ � ¼ ¶; , then
C	R; · � everywhereinsidethe regula-

tory domain.Similarly, if Ä ; Ø Ò ;Ã � ³ � ¼ (Ü´A¶; , then
C	 ;SF� . On

theotherhand,if � ³ � ¼ ¶; · Äµ; Ø ÒÓ; · � ³ � ¼ (Ü´<¶; , thenthesignof
C	R;

in theregulatorydomainis not unique,written as
C	R;Sá � . In

particular,
C	 ; · � on onesideof thehyperplane	 ;N" Ä ; Ø Ò ; ,C	R; â� on theothersideof theplane,and

C	@; "ã� insidethe
plane.

2.4 Discontinuities in stateequations
The questionmustbe raisedwhat happenson the threshold
hyperplanes	 ;�" � ³ � ¼ ¶; separatingthe regulatory domains,
wherethe stepfunctions,andhencethe stateequations,are
not defined.Severalsolutionsarepossiblefor this non-trivial
problem.In thispaperwefollow theapproachof Plahteetal.
[1994] andreplacethe discontinuousstepfunctionsby con-
tinuousrampfunctions(Fig. 5). Thesolutionof the PLDEs
with stepfunctionsis thendefinedto be the solutionof the
DEswith rampfunctionsconsideredin thelimit äå[ � .

æuç
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Figure 5: Step function &)( �*	�
 + �2
  and ramp functionÛ ( ��	4
 + �:
 + ä  . Û ( approaches&)( as äå[ � .
The useof ramp functions divides the phasespaceinto

regulatory domainsseparatedby switching zones, regions
in which one or more 	 ; have a value in the ä -intervaló � ³ � ¼ ¶; 7 ä Ø3ô + � ³ � ¼ ¶; õ ä Ø!ô)ö arounda threshold� ³ � ¼ ¶; . An ex-
amplephasespacewith switchingzonesis shown in Fig. 4.
Insidethe regulatorydomains,the DEswith rampfunctions
are equivalent to the PLDEs with step functions. Outside
theregulatorydomains,in theswitchingzones,theDEswith
rampfunctionsmaybenonlinearfunctionsof theconcentra-
tion variables.Theswitchingzonesseparatingtheregulatory
domainsvanishandapproach(intersectionsof) thethreshold
hyperplanesas ä÷[ � .
3 Qualitati vesimulation of geneticregulatory

networks
The goal of qualitative simulationis to exploit the qualita-
tive constraintson parametervaluesin order to predict the
qualitative dynamicsof a regulatorynetwork. More specifi-
cally, we would like to know which regulatorydomainscan

be reachedby somesolutiontrajectorystartingin the initial
regulatorydomain,for parametervaluesconsistentwith the
specifiedthresholdandequilbriuminequalities.A sequence
of regulatorydomainsthusgeneratedgivesan indicationof
theevolution of the functionalstateof thesystem,astransi-
tionsbetweenregulatorydomainsreflectchangesin thesyn-
thesisanddegradationratesof proteins.

3.1 Qualitati ve values,states,and behaviors
Theanalysisof PLDEsof theform (1)motivatestheintroduc-
tion of thequalitative valueof a statevariableandits deriva-
tive, aswell asdefinitionsof the qualitative stateandquali-
tative behavior of thesystem.Let øµ��ù  f" ø���G + G Z +zúÜ+zûS+AüS+ ù  
be the solution of PLDEs with step functionsdescribinga
regulatorynetwork on thetime-interval

ó ù Z + ù<ý ó for givenpa-
rametervaluesandinitial conditionsGS��ù Z  #" G Z .
Def. 1 (Qualitati vevalue) Supposethat at some ù  ù Z it
holdsthat øµ�*ù  lies in a regulatorydomain,suchthat � ³ � ¼ ¶; ·þ ; �*ù  · � ³ � ¼ (Ü´A¶; for every � ( 5åO � OQP and 5�O � ; · ¹ ; ). The
qualitativevalue ÿ��@� þ ; + ù  of

þ ;A��ù  is givenby theinequalities� ³ � ¼ ¶; · 	@; · � ³ � ¼ (Ü´<¶; , while thequalitative value
Cÿ��@� þ ; + ù  ofCþ ;<�*ù  is givenby oneof theinequalities

C	R; · � , C	@; g� , C	@;=á� , dependingon thesignof
Cþ ; �*ù  in theregulatorydomain.

The definition can be straightforwardly generalizedto the
caseof regulatorydomainsboundedby 	R; "È� or 	R; " ½¿¾:À Á .Notice that thequalitative valueis not definedin theswitch-
ing zonesaroundthethresholdhyperplanes.

Def. 2 (Qualitati vestate) Thequalitativestateÿ & �òø + ù  for ø
at ù is givenby thevectorsÿ��@�òø + ù  and

Cÿ��R�*ø + ù  of qualitative
values.

A qualitativestateassociatedwith aregulatorydomaincan
be interpretedasrepresentinga functionalstateof the regu-
latory system.Eachproteinconcentrationhasa valuelying
betweentwo consecutive thresholds,andis eithertendingto-
wardsoneof thethresholdvalues,or evolving towardsavalue
betweenthethresholds.

Def. 3 (Qualitati vebehavior) Thequalitative
behavior ÿ3�)�òø  of ø is given by the sequenceof qualitative
statesÿ & �òø + ù  on

ó ù Z + ù<ý ó .
A qualitative behavior definesa successionof qualitative

statesof theregulatorysystem.It is not difficult to show that
every solution ø of (1) canbeabstractedinto a uniquequali-
tativebehavior.

3.2 Qualitati ve simulation algorithm
In termsof the above definitions,the qualitative simulation
procedurecan be formulated as follows [Kuipers, 1994].
Giveninitial qualitativevalues��� Z , describingtheinitial pro-
teinconcentrationsG , thesimulationalgorithmcomputesthe
initial qualitative state ÿ & Z , andthendeterminesall possible
transitionsfrom ÿ & Z to successorqualitative states.Thegen-
erationof successorstatesis repeatedin a recursive manner
until all qualitativestatesreachablefrom theinitial qualitative
statehavebeenfound.

The possibletransitionsfrom a qualitative statearedeter-
minedby therule below.
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i������{� � ¼ �� � j�� � {� � ¼ � ß �� ,
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ij � �Õ]{� � ¼ �� � j � � {� � ¼ � ß �� ,
ij � � ] {� � ¼ s ß �� � j � � {� � ¼ �� ,

ij � � ]
Figure 6: Continuity constraintsfor the qualitative valuesÿ��3; + Cÿ�� ; and ÿ����; + Cÿ�� �; of two qualitative statesÿ & and ÿ & � de-
fined on adjacentregulatorydomains. Valid for 5 · � ; ·¹M; 7 5 , theconstraintscanbeeasilygeneralizedto thecaseof
qualitativevalues� O 	 ; · � ³ ´A¶; and � ³°»:¼ ¶; · 	 ;=O ½Â¾2À�Á .
Def. 4 (Statetransition) Let ÿ & and ÿ & � be two qualitative
statesassociatedwith adjacentregulatorydomains.A transi-
tion from ÿ & to ÿ & � is possible,if for every � , 5�O � O�P , such
that ÿ��3;��" ÿ�� �; , the qualitative values ÿ��3; + Cÿ�� ; and ÿ�� �; + Cÿ�� �;
satisfythecontinuityconstraintsin Fig. 6.

Fig. 7(a) illustratesthe applicationof the rule. Intuitively
formulated,the rule saysthat a transitionfrom onequalita-
tive stateto anotheris possible,if a trajectorymaycrossthe
switchingzoneseparatingtheregulatorydomainsof thequal-
itativestates.

A simulationalgorithm basedon Def. 4 is describedin
[de JongandPage,2000]. The qualitative statesandtransi-
tionsgeneratedby thealgorithmform astatetransitiongraph.
Thegraphmaycontaincyclesandstateswithout successors,
whicharetogetherreferredto asattractors. Sincethenumber
of possiblequalitative statesis finite, every pathin the state
transitiongraphwill reachan attractorat somepoint. Each
path running from the initial qualitative state ÿ & Z to an at-
tractorformsapossiblequalitativebehavior of theregulatory
system.
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Figure7: (a)Phasespacewith derivativevectors �G in thereg-
ulatorydomains( [ ) andthestatetransitions( � ) permitted
by Def. 4. (b) Solutiontrajectoryescapingthroughswitching
zones.

3.3 Propertiesof simulation algorithm
Given a model and initial qualitative values ��� Z , what can
be said aboutthe correctnessof the behaviors producedby
qualitativesimulation?Wedefineaset� of possiblesolutions
of (1) on

ó ù Z + ù ý ó , suchthat for every ø9Å � the numerical
valuesof ú , û , and ü satisfy(3)-(4), and ÿ��@�òø + ù Z  Â" ��� Z .

Theultimateaimof qualitativesimulationis to determinethe
set � � of qualitativebehaviors,suchthat(1) for every ø�Å �
thereis a �8Å � � , suchthat ÿ3�)�òø  >" � (soundness), and(2)
for every �ÉÅ � � thereis a øãÅ � , suchthat ÿ3�Ó�òø  �" �
(completeness).

Unfortunately, thesimulationalgorithmbasedon Def. 4 is
not sound. A trajectorymay entera switchingzonefrom a
regulatorydomain,andthenescapethroughotherswitching
zonesto enteranother, possiblynon-adjacentregulatorydo-
main(Fig. 7(b)). As aconsequence,thesimulationalgorithm
mayoverlookqualitative statetransitions.We foundthat the
practicalconsequencesof suchomissionsare limited, since
qualitativestatesnotdirectly reachableby a transitionareof-
tenindirectly reachableby asequenceof transitions.

Completenessof thesimulationalgorithmhasneitherbeen
provennor disproven,but seemsdifficult to guaranteegiven
the behavioral complexity that canbe attainedby modelsof
theform (1) [Lewis andGlass,1991].

3.4 GeneticNetwork Analyzer
Thesimulationmethodhasbeenimplementedin Java1.2,in a
programcalledGNA (GeneticNetwork Analyzer).

¸
Thepro-

gramreadsandparsesinput files specifyingthemodelof the
system(stateequations,thresholdandequilibrium inequali-
ties)andtheinitial state.Fromthis informationit producesa
statetransitiongraph.Extensionsof thesimulationalgorithm
allow all qualitative statesand their transitionsto be gener-
ated,aswell asthecompletionandsimulationof modelswith
unspecifiedthresholdandequilibriuminequalities.

GNA is accessiblethrough a graphical user-interface,
whichallowsthenetwork of interactionsbetweengenesto be
displayed,aswell asthestatetransitiongraphresultingfrom
thesimulation.In addition,theusercananalyzetheattractors
with theirbasinsof attraction,andfocusonqualitativebehav-
iors to studythetemporalevolutionof proteinconcentrations
in moredetail(Fig. 8).

4 Application: sporulation in B. subtilis
Themethodandits implementationhave beenusedto study
theregulatorynetwork underlyingtheinitiation of thesporu-
lation processin the Gram-positive soil bacteriumBacillus
subtilis [Grossman,1995;Hoch,1993]. Underconditionsof
nutrientdeprivation,B. subtilis candecidenot to divide and
form adormant,environmentally-resistantsporeinstead.The
decisionto eitherdivide or sporulateis madeby a complex
regulatory network integrating variousenvironmental,cell-
cyle, andmetabolicsignals.

A schematicrepresentationof thecoreof thisnetwork,dis-
playingkey genesandtheir regulatoryinteractions,is shown
in Fig.1. Thecentralcomponentof thenetwork is aphospho-
rylationpathway, aphosphorelay, whichtransfersphosphates
from theKinA kinaseto theSpo0Aregulator. Aboveacertain
threshold,thephosphorylatedform of Spo0A(Spo0A! P)ac-
tivatesvariousgenesthat commit the bacteriumto sporula-
tion. An exampleis the spoIIA operon,which encodesthe
transcriptionfactor ��" , essentialfor the developmentof the
forespore. The flux of phosphateacrossthe phosphorelay,

� GNA is availablefrom theauthorsuponrequest.
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Figure8: (a) GNA outputfor the equilibrium inequalities� · $R�^� Ø B �^� · � �A� � . The left window shows the statetransition
graphwith a qualitative behavior runningfrom the initial qualitative stateV1 to the attractorstateV15. In the right window
thetemporalevolution of thequalitativevalueof Hpr andKinA for this behavior canbefollowed. (b) Summaryof simulation
resultsfor aninitial stateexpectedto inducesporulation,while varyingtheequilibriuminequalitiesfor Spo0E.Thesimulations
takebetween0.5and3 secondsto completeon a SunUltra 10 workstation.

and hencethe concentrationof Spo0A! P, is controlledby
variousexternal signalsinfluencingthe activity of pathway
components.In addition,the flux of phosphateis regulated
by Spo0A! P itself, througha numberof direct andindirect
feedbackloopsinvolving abrB, sinI, sinR, andothergenes.

Using the extensive literatureon B. subtilis sporulation,
andtheSubtilistdatabaseat theInstitutPasteur, wehave for-
mulatedstateequationsandappropriateparameterinequali-
tiesfor every genein thenetwork. In total, themathematical
modelconsistsof 10 stateequations,10 thresholdinequali-
ties, and30 equilibrium inequalities. In the rarecasesthat
theliteraturedid notunambiguouslydeterminetheparameter
inequalities,wehavesystematicallyexploredthealternatives
andselectedthosethat permit the observed behavior of the
bacteriumto bereproduced.

Thebehavior of B. subtilishasbeensimulatedfrom a va-
riety of initial states,reflectingdifferentphysiologicalcon-
ditions. For example,fig. 8(a) shows the simulationresults
for an initial statereflectinga perturbationof the vegetative
growth conditions,whenthe proteinkinaseKinA autophos-
phorylatesin responseto anexternalsignalindicatinga state
of nutritional deprivation. Under theseconditions,a state
transitiongraphwith two attractorsis produced,correspond-
ing to statesin which thebacteriumcontinuesto divide (V3)
or initiatessporeformation(V15 andV18). Both statesmay
bereached,dependingon theexactvaluesof theparameters
satisfyingthethresholdandequilibriuminequalities.

In orderto obtainresultconsistentwith experimentaldata,
we foundthatthetargetequilibriumconcentrationsof Spo0E
have to beplacedbelow the lowestthresholdconcentrations
( � · $ �^� Ø B �^� · � �^� � ). Thatis, weneedto assumethatspo0E
expressionlevelsarequiteweak.Whenotherequilibriumin-
equalitiesarechosen,thesimulationspredictthatsporulation
cannotbe initiated underappropriateconditions,contraryto

whatis observed(Fig.8(b)). In fact,Spo0Emediatestheneg-
ativeautoregulationof Spo0A! P, andthuspreventsacritical
concentrationof Spo0A! Pto accumulate.

Theabovechoiceof parameterconstraintsis troublesome,
becauseit implies thatSpo0Ecannotexert any influenceon
the decision to sporulate,since its concentrationwill not
reachthethresholdlevelsabovewhich it canblock thephos-
phateflux throughthe phosphorelay. The simulationresults
thussuggestthat thenetwork in Fig. 1, basedon interactions
reportedin the literature,may be incomplete.As a remedy,
we couldpostulatethatanunknown signaldecreasestheac-
tivity of Spo0Eat theonsetof sporulation.Molecularstudies
of theinteractionof Spo0Ewith componentsof thephospore-
lay suggestthe existenceof sucha cellular factorwhich re-
mainsasof yetunidentified[Ohlsenet al., 1994].

5 Discussion
Wehavepresentedanimplementedmethodfor thequalitative
simulationof geneticregulatorysystemsthatcanhandlelarge
andcomplex networksof genesandinteractions.Themethod
is ageneralizationof themethodin [deJongandPage,2000],
in that it allows a largerclassof regulatoryrelationshipsbe-
tweengenesto be modeled. In the first place,thereareno
restrictionson the logical functionsthat canbe represented
by (2). This permitscomplex regulatory interactionsto be
includedin the models,as illustratedby the stateequation
for abrB in Fig. 3(b). In the secondplace,the regulationof
proteindegradationcanbetakeninto account.Althoughthis
featureof the methodhasnot beenusedin the sporulation
example,it turnedout to becrucial in modelingthenetwork
controllingtheinductionof thelytic cycle following phageÄ
infectionof E. coli (resultsnot shown here).

The applicability of the methodto actualregulatory net-
works has beendemonstratedby an analysisof the large



andcomplex network underlyingtheinitiation of sporulation
in B. subtilis. The analysishasresultedin a suggestionto
completethemodelcompiledfrom thesporulationliterature,
which shows the potentialof the methodasa tool to focus
further exprimentation. To our knowledge,qualitative sim-
ulation of geneticregulatorynetworks of the sizeandcom-
plexity consideredin this paperhasnot beenundertakenthus
far.

Upscalingof thesimulationmethodis achievedby model-
ing geneticregulatorysystemsby a classof piecewise-linear
differentialequationsimposingstrongconstraintson the lo-
cal dynamicsof the system. Besidesin moleculargenetics,
PLDEsof this form have beenusedin otherbiological do-
mains,for instancein populationbiology. In orderto effec-
tively apply the constraints,the representationof the qual-
itative stateof the systemand the simulationalgorithm are
adaptedto themathematicalstructureof theequations.

Adaptationto a specificclassof modelsis the principal
respectin which the methodpresentedin this paperdiffers
from well-known QR methodslike QPTandQSIM [Forbus,
1984;Kuipers,1994]. A majordifferencewith QSIM is that
the qualitative stateof a regulatorysystemis describedon a
higherlevel of abstraction.In particular, thebehavior insidea
regulatorydomainis abstractedinto asinglequalitativestate,
makinguseof thefact that insidea regulatorydomaineitherC	 ; · � , C	 ;� � , or

C	 ; á � . In QSIM onewould have to
distinguishan exponentiallygrowing numberof qualitative
statesinsideandon theboundaryof a regulatorydomain.

Approximating step functions by infinitely steep ramp
functionsallows a precisedefinition of the behavior of the
systemin thethresholdplanes,andhenceof thepossiblesuc-
cessorsof aqualitativestate.Thestatetransitionrulein Def.4
is simpleandintuitively clear, but doesnot preserve sound-
nessof the algorithm. Even thoughthe practicallimitations
of this may be limited, the developmentof statetransition
rulesguaranteeingsoundnessis animportanttopic for further
research.

The B. subtilis examplesuggestan approachto validate
hypothesizedmodelsof geneticregulatorynetworks. Given
temporal gene expressionpatternsobserved under certain
physiologicalconditions in wild-type or mutant strainsof
the bacterium,onecandevelopalgorithmsto systematically
searchthespaceof freelyadjustableparameterinequalitiesto
find constraintsfor which themodelis ableto accountfor the
observations.Extensionsof this typewould allow thesimu-
lation methodpresentedin this paperto evolve into a more
generalmodelingtool.
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