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INRIA Rhône-Alpes

Universityof Twente 2004RoutedesLucioles,BP 93 655,avenuedel’Europe
P.O. Box 217,7500AE Enschede 06902SophiaAntipolis 38330MontbonnotSaintMartin

TheNetherlands France France

Abstract

Modeling an experimentalsystemoften resultsin
a numberof alternative modelsthat are justified
equallywell by the experimentaldata. In orderto
discriminatebetweenthesemodels,additionalex-
perimentsare needed. We presenta methodfor
the discriminationof modelsin the form of semi-
quantitativedifferentialequations.Themethodis a
generalizationof previouswork in modeldiscrim-
ination. It is basedon an entropy criterion for the
selectionof themostinformativeexperimentwhich
canhandlecaseswherethe modelspredictmulti-
ple qualitative behaviors. The applicability of the
methodis demonstratedon a real-life example,the
discriminationof a setof competingmodelsof the
growth of phytoplanktonin a bioreactor.

1 Intr oduction
Obtainingan adequatemodel of an experimentalsystemis
a laboriousanderror-pronetask. In many casesonearrives
at a numberof rival modelsthatarejustifiedequallywell by
theexperimentaldata.In orderto discriminatebetweenthese
models,additionalexperimentsareneeded.Sincein real-life
applicationsthe numberof experimentsto performmay be
quite large,andthe costsof eachof themconsiderable,it is
importantthat theexperimentsbeselectedcarefully. In fact,
experimentsneedto be chosensuchthat the setof possible
modelsis maximallyreducedat minimalcosts.

For experimentalsystemsdescribedby differentialequa-
tions,severalapproachesfor modeldiscriminationhavebeen
proposedin theliterature(e.g.[EspieandMacchietto,1989]).
With few exceptions(e.g. [Struss,1994; Vatcheva et al.,
2000]), thesemethodsapply to completelyspecifiedquan-
titative models. That is, they cannotbe usedwhenprecise
numericalvaluesfor theparametersarenot availableandthe
preciseform of functionalrelationsis unknown.

Thishasmotivatedthedevelopmentof amethodfor model
discriminationthat is able to handleincompletelyspecified
modelsin theform of semi-quantitativedifferentialequations
(SQDEs). Themethodis basedonanentropy criterionfor the
selectionof themostinformativediscriminatoryexperiment.
This experimentis determinedfrom the behavioral predic-
tionsobtainedfrom thecompetingmodelsthroughsimulation

undervariousexperimentalconditions.
In earlier work, we have developed a method for the

discriminationof semi-quantitative models[Vatcheva et al.,
2000]. However, the previously proposedapproachis re-
strictedto the casethat all modelspredict the samequalita-
tive behavior, a situationrarelyoccuringin thecaseof more
complex models. The methoddescribedin this paperis a
generalizationof the approachabove in that it allows oneto
dealwith situationsin which multiple qualitative behaviors
arepredicted.

The applicability of the methodis demonstratedon a real
problemin populationbiology, the selectionof experiments
to discriminatebetweencompetingmodelsof the growth of
phytoplanktonin a bioreactor. The choiceof gooddiscrim-
inatory experimentsis critical in this application,sincethe
experimentsmay take several weeks to complete. Semi-
quantitative modelsare appropriate,becausethe available
datais incompleteandimprecise,asfor mostbiologicalsys-
tems. We have comparedthe optimal experimentas deter-
minedby our methodwith anexperimentthathasbeenactu-
ally carriedout. Furthermore,takinginto accounttheresults
of the latterexperiment,thebestnext experimentto perform
hasbeensuggested.

Thepaperis organizedasfollows. Thenext sectiondeals
with the basicconceptsof semi-quantitative modelingand
simulation. Sec.3 givesan outlineof the methodfor model
discrimination, focusing on the criterion for selectingthe
most informative experiment. The resultsof the application
of themethodto themodelingof phytoplanktongrowth in a
bioreactorarepresentedin Sec.4. Thefinal sectiondiscusses
achievementsand limitations of our work in the context of
relatedwork on model discriminationand gives someper-
spectiveson furtherresearch.

2 Semi-quantitative modelingand simulation
Semi-quantitativedifferentialequations(SQDEs)areabstrac-
tionsof ordinarydifferentialequations(ODEs)thatallow in-
completelyor impreciselyspecifieddynamicalsystemsto be
modeled[BerleantandKuipers,1997]. In anSQDE,bound-
ing envelopesaredefinedfor unknown functions,aswell as
numericalintervalsto boundthevaluesof parametersandini-
tial conditions.

Fig. 1 showsanexampleof asecond-orderSQDEdescrib-
ing thegrowth of themicroalgaeDunaliellatertiolectaunder
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Figure1: An exampleof anSQDEdescribingthegrowth of
phytoplanktonin a bioreactor, theMonodmodel. Thephys-
ical meaningof the variablesandparametersis given in the
captionof Fig. 3.

nutrientlimitation in a bioreactor[Monod,1942]. The state
variablesarethebiomass� andtheconcentrationof thelim-
iting nutrient � . Theintervalsboundingthemodelparameters�$#&%�' , ) + , and/ havebeenestimatedfrom preliminaryexper-
iments.

For the simulationof SQDEswe employ the techniques
Q2+Q3 [Berleant and Kuipers, 1997], which refine the
qualitative behavior tree producedby the QSIM algorithm
[Kuipers,1994]. Theresultsof semi-quantitative simulation
consistof oneor morequalitativebehaviorssupplementedby
rangesfor the valuesof the variablesat qualitatively signif-
icant time-points. The behaviors resultingfrom the simula-
tion of the SQDEin Fig. 1 areshown in Fig. 2. In orderto
narrow down the interval predictions,we usethe compara-
tive analysistechniqueSQCA[VatchevaanddeJong,1999].
SQCA refinesthe simulationresultsby comparinga behav-
ior predictedfor oneexperimentwith behaviorspredictedfor
relatedexperiments.

3 Method for modeldiscrimination

The predictionsobtainedthroughsemi-quantitative simula-
tion canbeexploitedto maximallydiscriminateasetof com-
petingmodelsagainstminimalcosts.Themethodfor achiev-
ing this is basedon a generalizationof the entropy criterion
for the mostinformative experimentdevelopedin [Vatcheva
et al., 2000].

3.1 Model discrimination and behavior predictions

Considera set G of competingmodelsof an experimen-
tal system. Each H � 0 G has a probability I 	 H � 
 to
be the correct model of the system,and we assumethat#FJ>K!L I 	 H �M
N� - [Fedorov, 1972]. The a priori model
probabilitiesareestimatedfrom dataobtainedin preliminary
experimentsor assumedequalwhennosuchdataexist. Each
timeanexperimentis executed,andnew databecomesavail-
able, the modelprobabilitiesarebeingupdated. If the data
doesnot justify the predictionsof someH � , its a posteriori
probabilitybecomeszero.
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Figure 2: Behaviors resulting from the simulation of the
SQDE in Fig. 1, for the initial conditions ����0�2 �8D6:C�87A= ,����0�2 465 48489;:<4;5 4 - = . Behavior �^� predictsthat the system
reachesits equilibrium 	��E�d:t���d
 asymptotically. In � � , thenu-
trient concentration� reachesa maximum,beforethesystem
approachesits equilibrium. In � � , � reachesfirst amaximum,
followed by a minimum of � and the equilibrium. The ta-
ble summarizesthe interval predictionsfor eachof the three
behaviors.

For the discriminationof the modelsin G , experiments
from a set � of experimentsneedto beselected.Theexperi-
mentthatdiscriminatesbestbetweenthemodelsis estimated
from themodelpredictions.For eachexperiment� 0 � , the
modelsin G areperturbedaccordingto � , andthensimulated
to predictthebehavior of thesystemundertheexperimental
conditions.Thepredictionof H � for some� is asetof behav-
iors �� � . Thesetof all qualitatively distinctbehaviors result-
ing from thesimulationof themodelsin G for � is denoted
by �   .

For discriminationpurposes,only certaincharacteristicsof
thepredictedbehaviors � 0 �¡  aretaken into account.This
givesrise to a setof behavioral features¢¤£ for � . Thesetof
behavioral featureconsistsof minima, maximaandequilib-
ria of the systemvariables.The behavioral featuresdefined
for � � in Fig. 2, for instance,arethe maximumof � andthe
minimum of � (� #&%�' and � # ��� ), andthe steadystatelevels
of thesevariables( ��� and �z� ). Herewe will assumethat the
valueof a behavioral featureis aninterval.



Intuitively, the experimentthat can be expectedto opti-
mally¥ discriminatebetweenthemodelsis theexperimentfor
which the predictedvaluesof the behavioral featuresover-
lap least.This intuition will beformalizedbelow by defining
themostinformativeexperiment.A setof competingmodels
canthenbediscriminatedby repeatedlydeterminingthemost
informativeexperiment,performingthis experiment,andup-
datingthemodelprobabilitiesin thelight of theoutcomes.

3.2 Criterion for most informative experiment
A standardmeasurein informationtheoryis the information
incrementof an experiment[Fedorov, 1972]. For every ex-
periment� 0 � wedefine

¦k§ j W!¨ �ª© ¨ s�«­¬ w J>®�¯�° j�±²�Yst³`´ ° j�±µ�Ys6¶

w J·®!¯ ° j�± ��¸ W ¨ �>© ¨ sx³f´ ° j�± ��¸ W ¨ �>© ¨ s � (1)

whereI 	 H �M
 and I 	 H ��¹ �C  :<º   
 arethe a priori anda pos-
teriori probabilitiesof H � . �C  is the behavior of the system
observed in � , and º   is the vectorof observationsfor the
behavioral features¢ £�» . Theobservationsareassumedto be
intervals ¼  ½ �¾2 /  ½ �N¿ ½^À B :�/  ½ (N¿ ½^À B = , where/  ½ is themid-
point, and ¿ ½ is theestimatedsizeof the confidenceinterval
for the Á th behavioral feature.For clarity of presentation,we
will assumefor the moment,that eachbehavior � is charac-
terizedby a singlefeature.ÂµÃ

reachesits maximumwhenall posteriorprobabilities
but onearezero.Thatis, whentheobservationsobtainedin �
confirmthepredictionsof asinglemodel.Ontheotherhand,
a minimal valueis attained,whenall posteriorprobabilities
areequal.

Sincethe a posterioriprobabilitiesof the modelsdepend
on the outcomeof the experimentwhich is not yet known,Â�Ã

cannotbe computeddirectly. Instead,we cancompute
its expectedvalue,or theexpectedinformationincrementof� :

¦ÅÄ j�Æ8s,« Ç ®!È » É ®!Ê
¦
§ j W �SË1s�Ì ¨ j�Í;� W s�Î!Í;� (2)

where��  is thesetof predictedbehaviors, ¼ �Ï2 /Ð�Ñ¿ À B : /Ð(¿ À B = , Ò thedomainof thebehavioral feature,andÓ   	�/,: � 
 its
probabilitydistribution:

Ó   	�/,: � 
z� #FJ·K!L I 	 H �<
 I 	 � ¹ H �C
 Ó  � 	�/,: � 
 5
I 	 � ¹ H � 
 is the probability of behavior � provided H � is the
correct model of the system, and Ó  � 	�/,: � 
 is the model-
specificprobabilitydistributionof thebehavioral feature,de-
finedby

Ó  � 	�/,: � 
z� mÔ ¸ ËÖÕ1× ¨� ¸¸ × ¨� ¸ �ªËØÕ�× ¨�3Ù«�Ú��
o �ªËØÕ�× ¨� «�Ú��

with Û  � the interval predictionof H � for thebehavioral fea-
ture in experiment � , and ¹­Ü*¹ denoting interval length.

Ó  � 	�/,: � 
 expressesthe probability that the value of the be-
havioral featureis ¼ , if H � is the correctmodelof the sys-
tem and � is the systembehavior. If the interval ¼ doesnot
overlapwith themodelprediction Û  � , theprobabilityof the
featurehaving value ¼ is zero. Otherwise,theprobability is
weightedaccordingto thesizeof theoverlapbetween¼ andÛ  � .

By substitutingtheexpressionfor
ÂµÃ

in (2) andusingthe
Bayes’rule

I 	 H � ¹ � : ¼ 
E� I 	 H � 
 I 	 � ¹ H � 
 Ó  � 	�/¤: � 
#�Ý�K!L I 	 HNÞ 
 I 	 � ¹ HNÞ 
 Ó  Þ 	�/,: � 
 :
we arrive at the following expressionfor theexpectedinfor-
mationincrementof anexperiment� :

¦�Ä j�Æ8s�« w J·®!¯ß° j�±µ�Ys Ç ®!È »J ° j
W ¸ ±²�Ss

É ®!Ê Ì ¨� j�Í;� W s�³`´ Ì ¨� j�Í;� W s ° j W ¸ ± � sÌ ¨ j�Í;� W s Î!Í ~
(3)

Thecriterionrankstheexperimentsin � accordingto their
expectedinformativeness.Theoptimaldiscriminatoryexper-
iment will be the most informative experiment, that is, the
experimentsfor which

Â�à 	 � 
 is maximal. Intuitively, exper-
imentswhich give rise to predictionsasdifferentaspossible
will be favored. Fig. 4(a)-(b) shows the predictionsof the
four modelsgiven in Figs.1 and3 for two differentexperi-
ments(seenext section). In both cases,eachof the models
predictstwo possiblequalitativebehaviors for thebiomass� .
Theexpectedinformationincrementfor thefirst experiment,
however, is higher thanthe expectedinformation increment
for the second(

Â�à �á4;5 9A7 B�â versus
Â�à �á465 � B 784 ), asthe

predictedintervalsoverlapless.
The expressionfor

Â�à
canbe simplified in a numberof

cases.For instance,if all modelspredictfor a givenexperi-
ment � thesamequalitativebehavior, (3) canbereducedto

Âµà 	 � 
z� #�JªK!L I 	 H �M
 ã K!ä Ó  � 	�/,: � 
Yå�æ Ó  � 	�/¤: � 

Ó   	�/¤: � 
 �t/,:

which is thecriterionpreviously derivedby [Vatcheva et al.,
2000].

On the otherhand,if for a given � , eachmodelpredictsa
differentsetof qualitativebehaviors,we obtain:

Â�à 	 � 
E�Ö� #�JªK!L I 	 H � 
Qå�æ I 	 H � 
�:
which is themaximumvalue

Âµà 	 � 
 cantake.
The criterion (3) is easilygeneralizableto the casewhen

eachbehavior � is characterizedby morethanonefeature.In
thiscasewehaveto substitutetheprobabilitydistributionsby
joint probabilitydistributions,andthe integral by a multiple
integral of the ) behavioral features.For computationalsim-
plicity, we assumein this article,that thebehavioral features
areindependent.

The algorithmsfor the simulationof SQDEs,outlined in
theprevioussectionhavebeenprovensound.Thatis, all pos-
sible predictionsarederived from a given SQDEmodel. If
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Figure 3: Models for the growth of phytoplanktonin a bioreactor. � [ � H � ÀAï ] is the amountof biomassper unit volume,� [ �"ðdñ Ó À8ï ] the nutrientconcentration,è [ �"ðdñ Ó ÀAï ] the internalquota. The Monod andContoismodelsassumeconstantgrowth
yield / . �$#&%�' [ �Aðd/nò � ] is themaximumgrowth rateof cells,and ë� [ �Aðd/nò � ] a theoreticalmaximumgrowth rateobtainedfor infi-
nitequota. ) + :t)!' , and )d� [ �"ðdñ Ó À8ï ] arehalf-saturationconstants,)!ì [ �"ðdñ Ó ÀAï ] is theminimumcell quota,�6#
%t' [ �"ðdñ Ó À � H � À �rðd/ ]
is the maximumuptake rate of nutrients. For all models �����ó0ô2 @A46: -xB 4A= [ �"ðdñ Ó ÀAï ] is the input nutrient concentration,and� [ �rðd/�ò � ] thedilution rateto becontrolledin theexperiments.Theinitial conditionsare ���ß0­2 �8D65 46:C�87;5 4A= , ����0�2 465 48489;:<4;5 4 - = ,è<�õ0�2 B 5 î : B 5 â = whicharetheequilibriumvaluesreachedfor theinitial dilution rate �^�1��4;5 î .

the resultsobtainedin the experimentarecorrect,this guar-
anteesthata modelwill never be falselyrejected.However,
thesealgorithmsdo not excludespuriouspredictions. As a
consequence,anexperimentalresultmaycorroborateamodel
while it shouldberuledout. Spuriouspredictions,therefore,
mayprolongthediscriminationprocess.

3.3 Computation of behavior probabilities
In order to compute

Âµà 	 � 
 , the conditionalbehavior prob-
abilities I 	 � ½ ¹ H � 
 mustbe estimated.We have adoptedthe
following approach.Let ör÷ beaparameteror initial condition
in modelH � , andlet ø ðdù Ó � 	 ö ÷ : � ½ 
 betheinterval valueof ö ÷
for whichbehavior � ½ is obtained.Define

ø 	 � ½ ¹ H �M
z� ÷ ¹ ø ðdù Ó � 	 ö ÷ : � ½ 
?¹
÷ ¹ £ Ý K!ú »J ø ðdù Ó � 	 ö ÷ : �CÞ 
E¹ 5

ø 	 � ½ ¹ H � 
 estimatesthe fractionof the interval volumeof the
model parameterswhich gives rise to � ½ . The conditional
probabilityof � ½ is now givenby normalizingthe ø 	 � ½ ¹ H �<
 s:I 	 � ½ ¹ H �C
E� ø 	 � ½ ¹ H �M
 À £ ÝtK!ú »J ø 	 � Þ ¹ H �C
 .

Consider, for instance,thethreebehaviors givenin Fig. 2.�d� , � � and � � havebeenobtainedfor differentsubintervalsof
theinterval rangesfor ) + and/ :

beh ) + /
� � 2 465 4 - :<465 - 9A@8= 2 4;5 �;:<4;5 DA=
� � 2 465 4 B �8D6:C465 - 9A@8= 2 4;5 �;:<4;5 DA=
� � 2 465 4 - :<465 - 9A@8= 2 4;5 - 96:C465 î @8@A=

By usingthesevalues,theprocedureoutlinedabove givesø 	 �d� 
û�ü465 D â , ø 	 � � 
û�ü4;5 D - , ø 	 � � 
1��465 â 9 . Consequently,
the behavior probabilitiescanbe computed: I 	 � � 
ý��4;5 �A� ,I 	 � � 
z�­465 �84 , I 	 � � 
z�­465 � â .

4 Application: phytoplankton growth
Understandingthe regulationof phytoplanktongrowth is es-
sentialfor predictinghow life in the oceanmay respondto
climatechanges.As theseprocessesaredifficult to studyin
theopensea,thegrowth conditionsarerecreatedin thelabo-
ratoryin a bioreactor.

A varietyof modelscanbeusedto describethegrowth of
phytoplanktonin a bioreactor. Which of theseappliesbestin
a given situationcannotbe determinedon a priori grounds.
Therefore,experimentsneedto beperformedto discriminate
betweenthealternative models.Unfortunately, theseexperi-
mentsmaytake weeksto completeandarethusquitecostly
to perform.

We have appliedthemethodof theprevioussectionin the
context of the microalgaeD. tertiolecta, carriedout by pop-
ulation biologists in a marine laboratory. Four alternative
modelsto describethe systemhave beenconsidered,which
areshown in Figs. 1 and3. The modelsmake differentas-
sumptionsaboutthe nutrient consumption,the influenceof
thebiomassonthegrowth rateof thepopulation,andtherela-
tion betweengrowthanduptakerates.Themodelsarelabeled
aftertheir originators:M [Monod,1942], þ [Contois,1959],
D [Droop,1968], and þ$ÿ [CaperonandMeyer, 1972].

Becauseof coarseandnoisydata,andevolutionof thesys-
tem in the time frameof the experiment,precisenumerical
estimationsfor the valuesof the parameterscannotbe ob-
tained. This motivatesthe useof semi-quantitative models.
Theinterval valuesfor theparametersrequiredin theSQDEs
have beenestimatedby thebiologists,basedon theoutcome
of preliminaryexperiments(seeFig. 3).

In orderto discriminatebetweenthecompetingmodels,the
valueof thedilution rate � canbevariedby theexperimenter.
Startingfrom anequilibrium,thedilution rateis changedand
the transientbehavior of the systemtowardsa new equilib-



1.4 39.0
0

39

M

C

D

CM

1.4 39.0

C
M

D
CM

V \dc e

V U

V U
���

���

(a)
39.0

0

39
MC

DCM

15.0

39.013.9

M
C

CM
D

V U

V U
���

� �

V \tc e

(b)
70.736.0

36.0 70.7

36.0

104.2

M

C

D

CM

C
M

CM
D

V U

V U
V \d]f_ � �

� �

(c)

Figure4: (a) Interval predictionsof thefour competingmodels(Figs.1 and3) for thebehavioral features�E� (behavior �d� ), and�z�d: �¤# ��� (behavior � � ) in thepredictedoptimaldiscriminatoryexperiment( �ý� - 5 - ). (b) Interval predictionsfor �E� (behavior� � ), and�z�d:�� # ��� (behavior � � ) in theexperimentthathasbeencarriedout ( �û�*4;5 â ). Thevaluesfor �E��: � # ��� measuredin the
experimentarealsoshown by a small rectangle.(c) Predictionsfor the features�E� (behavior � � ), and �z�d:�� #&%�' (behavior � � )
in thenext optimalexperiment( �1�*465 - ). M, C, D, andCM standfor theMonod,Contois,Droop,andCaperon-Meyermodels,
respectively.

ÎÑ«�o ~ m ÎÑ«�o ~ � ÎÑ«�o ~�� ÎÑ«�o ~ � ÎÑ«�o ~�}¦ÅÄ
0.3204 0.3181 0.3519 0.3547 0.3323

ÎÑ«�o ~ � ÎÑ«�o ~�� ÎÑ«�o ~�� ÎÑ«*m ~ o ÎÑ«*m ~ m¦ÅÄ
0.3290 0.3710 0.4668 0.5093 0.5927

Table1: Valuesfor the expectedinformationincrement
Â�à

for eachof thedilution rateexperiments.

Î1«*m ~ m ÎÑ«�o ~ � ÎÑ«�o ~ m
° j W�X s ° j W a s ° j W�X s ° j W a s ° j W8X s ° j W a s

M 0.47 0.53 0.47 0.53 0.50 0.50
C 0.47 0.53 0.47 0.53 0.51 0.49
D 0.57 0.43 0.57 0.43 0.54 0.46

CM 0.57 0.43 0.57 0.43 0.27 0.73

Table2: Conditionalprobabilitiesof thebehaviors �d� and � �
predictedby the four modelsfor the experiments��� - 5 - ,�û�­465 â , and �û�­465 - (seeFig. 4). I 	 �d� 
 andI 	 � � 
 havebeen
estimatedusingtheapproachin Sec.3.3.

rium is observed.Wehaveconsideredtenexperiments,corre-
spondingto equispacedvaluesin therange2 46: - 5 B = : �ß��465 - ,���ó465 B , 5t5t5 . Taking into account5% measurementuncer-
tainty, thevaluesof � becomeintervals.

The only variable that can be reliably measuredin the
courseof the experimentis the biomass� . This determines
the behavioral featuresthat we have considered:the mini-
mum and the maximumvalue of � (� # ��� and � #&%�' ), and
the equilibrium valueof � (�E� ). In order to obtain the pre-
dictedvaluesof the behavioral featuresrequiredfor the de-
terminationof the most informative experiment,the models

have beensimulatedusingthe techniquesin the secondsec-
tion. For eachexperiment,all modelspredictmultiple quali-
tativebehaviorsasaconsequenceof thelargeintervalsfor the
parametervalues.In total, four differentbehaviors for � are
predicted. Noneof thesebehaviors is spurious,aswe have
beenableto establishby comparingthepredictionswith the
qualitativeanalysisof [BernardandGouźe,1995].

Startingfrom theassumptionthatthemodelsareequiprob-
able in the beginning, we have calculatedthe expectedin-
formation increment(3) for eachof the experiments(Ta-
ble1). Theoptimaldiscriminatoryexperimentis predictedto
be �1� - 5 - . For thisexperiment,eachof thefour modelspre-
dicts two behaviors, �d� and � � , thatdiffer with respectto the
observablevariable� . In � � theequilibriumof thesystemis
reachedasymptotically, whereasin � � , � reachesa minimum
beforetheequilibriumis attained.Fig.4(a)showstheinterval
predictionsof thebehavioral featuresfor all four models,and
Table 2 lists the correspondingconditionalbehavior proba-
bilities. Noticethat in �^� only onebehavioral featureapplies
(�z� ), whereasin � � predictionsfor �E� and �,# ��� needto be
takeninto account.

Theexperiment�²� - 5 - hasnot beenperformed,but data
for the suboptimalexperiment �Ø�.465 â wasavailable from
an earlier study. The predictionsof the behavioral features
for this experimentareshown in Fig. 4(b) andthe behavior
probabilitiesaregivenin Table2.

In theexperiment��� 465 â , � wasfoundto reachits equi-
librium afterpassingthrougha minimum. This rulesout �d� .
The measuredvaluesof the behavioral features,shown in
Fig. 4(b), are � # ���¾� 2 B 765 B :C� B 5 B = , and �z��� 2 �84;5 9;:<�8�;5 9A= .
Usingtheseresults,thea posterioriprobabilitiesof themod-
els have beencomputedvia Bayes’ rule: I 	 ÿ 
 � 4;5 � î ,I 	 þ 
���465 �8� , I 	���
���4;5 B�- , and I 	 þ$ÿ 
���465 -xB . In addi-



tion, themeasurementshaveallowedtheparametervaluesto
be refined� by meansof the constraintpropagationalgorithm
in Q2 [BerleantandKuipers,1997].

Thenew modelprobabilitiesshow thatexperiment�1�­465 â
hasnotbeenverydiscriminating.Giventhenew modelprob-
abilitiesandparametervalues,whatwouldbetheoptimalex-
perimentto performnext? Themethodadvisesthat �µ�é465 -
betried,asit hasthehighestexpectedinformationincrement
(
Âµà ��465 â8-�B 7 ). Thepredictedvaluesfor thebehavioral fea-

tures,againfor two behaviors,areshown in Fig. 4(c). Table2
givesthe correspondingbehavior probabilities. The experi-
ment � � 465 - hasnot beenperformed(we recall that each
experimenttakesweeksto complete).Notice,however, that��� 465 - is likely to rule out at leasttwo of the four models
dueto thelackof overlapbetweenÿ � þ and �Ï� þ$ÿ .

5 Discussion
We have proposeda methodfor the discriminationof semi-
quantitative modelsof anexperimentalsystem.Themethod
is basedon anentropy criterion for theselectionof themost
informativeexperiment.Thevalueof

Â�à
for aparticularex-

perimentis calculatedfrom the model predictionsobtained
throughsemi-quantitative simulation. The methodgeneral-
izesuponapreviousmethod[Vatchevaetal., 2000], in thatit
canhandlecaseswherethe modelspredictmultiple qualita-
tive behaviors. This occursin thecaseof the phytoplankton
growth models,which predictthebiomassto asymptotically
approachits equilibriumvalueor to passthroughamaximum
or a minimumfirst.

Theapplicabilityof themethodhasbeendemonstratedby
having it predictthemostinformativeexperimentto discrim-
inatebetweenfour modelsof the growth of D. tertiolectain
a bioreactor. This hasbeenachieved in the presenceof sev-
eralcomplicatingfactors,in particularthenonlinearityof the
models,thecrudeestimationsof theparametervalues,andthe
difficulty to observethebehavior of thesystem.Thediscrim-
inationof bioreactormodelshasbeenattemptedbefore[Es-
pieandMacchietto,1989;Cooney andMcDonald,1995], but
unlike the methoddiscussedin this paper, theseapproaches
requireprecisenumericaldatato beavailable,a requirement
thatusuallycannotbefulfilled in practice.

Within AI, methodsfor model discriminationhave been
developedin thefield of model-baseddiagnosis(e.g.,[Struss,
1994;de Kleer, 1990]). Basically, thesemethodsdetermine
which inputsneedto beappliedto a faultydevice,andwhich
measurementsneedto bemade,in orderto optimallydiscrim-
inate betweena numberof diagnoses.In comparisonwith
theapproachin this paper, thesemethodshave beenadapted
to qualitative models. By consideringonly qualitative dis-
tinctions,however, onemay fail to discriminatebetweenal-
ternative behaviors. Although two modelsmay predict the
samequalitative behavior, their (semi-)quantitative predic-
tionsmaybedifferent,asclearlyshown in Fig. 4.

For the discriminationof the phytoplanktongrowth mod-
els, only onetype of experimentwasavailable,a changein
the dilution rate. It shouldbe emphasized,though,that the
methodis not restrictedto parameterchangesandmayeven
involve structuralchangesof themodels.A limitation of the

method,however, is that the setof experimentsneedsto be
specifiedin advance. In the caseof the dilution rateexper-
iments,for instance,ten possiblevaluesfrom a continuous
rangehave beenselected.Thereis obviously no guarantee
that the optimal value is includedin the list of prespecified
experiments.A subjectfor further researchwould therefore
betohandlecontinuousrangesof experiments,andmoregen-
erally, to moveaway from theselectionof experimentsto the
designof experiments.
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