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Jacobian of a metabolic system

dx/dt = N - v(x,p)
N=L-N¢
dx%dt = N° - v(x,p)
I =NO:ov/ox * L
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Stability conditions around steady-state

Consider the eigenvalues A of the Jacobian matrix

The steady-state Is unstable if
J1,Re(4) >0

The steady-state is exponentially stable if

Vi,Re(4) <0
with relaxation times 7, =1/ | Re(4) |
and frequencies o = [Im(4)]

27T
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Bifurcations

Consider the eigenvalues A (p) of the Jacobian matrix
when parameters vary

A saddle-node bifurcation corresponds to a zero-crossing

of one real eigenvalue A

A Hopf bifurcation corresponds to a zero-crossing

of the real partsRe(4,) of one pair of conjugated eigenvalues
Re(4,) * 2izw,

There are several other more complex bifurcation types
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What makes a metabolic system stable?

Structural kinetic modeling of metabolic networks

Ralf Steuer***, Thilo Gross*$, Joachim Selbig'™, andiBernd Blasius*

Steuer et al. (2006), PNAS 103:11868-11873

Different notations:

x. normalized by X. (dimensionless)
v, normalized by J,

pi =Vl J,
Ay =Nyd 1 X
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What makes a metabolic system stable?

so that the system evolution follows:
dx/dt=A-pu(x)

SoA OB
OX
where

0= 8_;1
OX
IS the matrix of normalized elasticities (usually noted €)
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Example: simplified yeast glycolysis

Vyg
ATP ADP
NADY NADH NADH NaDt
; Wi W g "p".:; y 'h"le_,
Gile ,."{-F'_ \ FEP —a TP L—A-" EFR 4 Pyr LA" EtOH
fo NADH —,

2 ATP-: 2 ADP v, 2ADP  2ATP |

(5]
NADY

with an inhibition parameter ﬁ for PFK by ATP:

ﬁpzl_f
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Stoichiometry matrix

ATP —% = AppP
NADY NADH NADH NaD?t
Gle = FBP — =X TP \¥s A_ BPG Pyr AYa A EtOH
; : A NADH —. i
2 ATP-: 2 ADP /lw 2 ADPF 2 ATP Ve
NADY
11 /9 /g /4 5 g 7 /g

FBP +1 -1 0 0 0 0 0 0

TP 0o +2 -1 0 0o 0 -1 0

BPG o o +1 -1 0 O o0 O

Pyr/ACA 0 0 o +1 -1 -1 0 0

ATP -2 0 0o +2 0 0 0 -1

NADH 0 0 +1 o -1 0 -1 0

NAD™T 0 0 -1 o +1 0 +1 0

ADP +2 0 o0 -2 0 0 0 +1
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Normalized elasticity matrix

W
ATP 3

; ¥
Lalc =

TN

ADFP

FBP

2 ATP-: 2 ADP

NADY NADH

NADH —,
L
NADY

W LT

2 ADP

vy

NADH NaDt

2 ATP

Vi

Pyr L_A__“ﬁ- EtOH

FBP TP BPG Pyr/ACA ATP NADH NAD' ADP
| 0 0 0 0 Ol;p O 0 0
vy | O3 O 0 0 0 0 0 0
v 0 Bip 0 0 0 0 Oap O
ve | 0O 0 Hhpa 0 0 0 0 0 pp
vs| 0 0 0 B 0 N ADH 0 0
vw| 0 0 0 6s, . 0 0 0 0
v;| 0 6, 0 0 0  ALapp 0 0
vs| 0 0 0 0 Bp O 0 0
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Effect of ATP feedback on stability
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Stabilization and saturation

Random sampling of parameters
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Stabilization and saturation

‘Ia saisie.
5000 - 5000 - Farelsiv) -
stable models }v;'a)'«:O stable models A1®*<0 stable models }.Ea“ﬁ:[}
- 3 - 5 . 5
saturation parameter 6 saturation parameter 6 saturation parameter 8
4000 P TP 4000 P Pyr] 2000 P NADH
_-:Eu 3000 % 3000 E 1500
o o o
=] e =]
2 2000 2 2000 2 1000
1000 1000 500
0 . 0
0 0. 0. 0.6 0.8 1 0 0. 0. 06 5 1 0 02 04 0.6 8 1
saluration parameter 8., saturation parameter E;yr saturation parameter 6, .
5000 5000 — 5000 —
stable models }.g‘”ao stable models }.R = stable models }.R =0
. 6 . 7 : 8
saturation parameter 6° saturation parameter 8__ saturation parameter 6
4000 P Pil 4000 g ™ 4000} P -
E 3000 E 3000 % 3000
o (=] [=3]
2 S e
2 2000 2 2000 2 2000t
1000 1000 1000+
0 0
0 02 04 0.6 (.8 1 0 02 0 02 Q.8 1

saturation parameter Boyr

saturation parameter s

: 0. 6
saturation parameter BA o

D. Kahn, Stability analysis of metabolic systems



Stabilization and saturation

Random sampling of parameters
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Stabilization by feedback

Random sampling of parameters
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Destabilization by feedback
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