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The problem of genetic network
identification




4
Gene networks
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Example: Gene network of E.coli
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About the statement of the identification
problem

» Goal: Estimate a mathematical model of a network of genes from
experimental observations of the system

Why ? What model do we want ? What do we want from that model ?

* The model should the describe structure and behavior of the network
Structure: genes and their interconnection
Behavior: inhibition vs. activation, dynamics

» Several different problems depending on the context
What data ?
What prior knowledge ?
What use of the model ?
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Scale

 Different levels of detall:

genes, but also mMRNA, transcription factors, protein complexes...
expression: binding, DNA unfolding, transcription, translation, ...

Metabolic space

Coding
) - N\ —> Strand
g TTIIT T S A EEEEEEEEEEEEEEEE
. . Template
Metabolite 1 = Metabolite 2

Strand

(Wikipedia)
/ Protein space I||

Protein 2 |
|I
Complex 34

|
\ " Protein 4 ||

¢l\xi
Protein 1 Protein 3 l
|| 9, 9,
N G g
[ --~>Gene2 * T e ~ g g
|I ’ ~ \‘lil I| ’ !
I|I ! Géﬁe 3 ™ N l".llx\ II
v %) .
Gene 1 ANy (Brazhnik et al., 2002)
Gene space Gene 4

INSTITUT NATIONAL
DE RECHERCHE

centre de recherche
EN INFORMATIQUE [ N RIA
ET EN AUTOMATIQUE

GRENOBLE - RHONE-ALPES



Information

* Modelling framework depends on available data...

Type, quality, quantity
System excitation, experimental conditions

DNA microarray

(Wikipedia)
GFP fusions (courtesy of Z.Lygerou)
o &2000 o
s i g - :Tmmﬁn
& 7 ) - §1snu iy
ém = ) _ ——— gﬂm T E:I:
£ 7;_7:// é 5001
0 %5 ey | 15 5 _"'m”(hn s
Gene reporter systems (Ronen et al, PNAS 2002
... and on the use of the model porter systems ( )

Analysis (learning how cells function) & Prediction (response of an organism to
perturbations/stimuli)

Control (industrial exploitation, targeted chemicals for medical therapies...)
Engineering of new functions (“Synthetic biology”)
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Modelling tradeoffs

 Qualitative vs. quantitative o Complexity vs. identifiability
* Mechanistic vs. phenomenological o Static vs. dynamic
e Fitting accuracy vs. predictive  Black-box vs. grey-box vs.
power (overfitting!) white-box
Y = AY + BU @ )
L ; el D]
m 22 =of e ' i”' f %'%'
- < |2 X /l Mth W e
light é"o'..\,...k/ AT -
c ° 1 Tnme(days) * °
Example: L C A (Johnson et al, Science, 2008)
circadian rhythm | 7%= ¥i8 4 20
" - 3 P
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The identification circle 0

* Model hypothesis:
Choice of modelling framework p [ ) MOﬂel_ ]
Formulate model hypotheses ypothesis @

« Experiment design: [ Validation } [ Experiment }

Choose experimental setup design
Design most informative
experiments ﬁ [ Estimation }&

e Estimation:

Execute experiment and get data
Find model(s) that explains data

o 4 )
* Validation: Today's focus: formal statement of
Inspect results gene network inference problems
Evaluate predictive capability and solution with selected methods
N /
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A traditional approach:
Boolean networks




Boolean models

* Formalism to model regulatory effects (mutual activation, inhibition)
from qualitative gene expression data

* N Boolean variables representing n genes

(X1, Xo..., X,) € {0,1}" /@\v
X; =0 gene not expressed —
X; =1 gene expressed

» Boolean regulation function k @J

Xi expressed iff b;j(X) =1

* Dynamic Boolean networks (discrete time):
X,‘(f-l—l):b;(X(t)) I=1,....n t=0,1,2,...

* Network structure captured by gene interaction graph
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Motivation: Microarray data 3

» Gene expression profiling by DNA microarrays:

Isogenic cell populations placed in microscopic wells containing probes for
specific MRNA molecules (genes)

Combined with the use of fluorescence reporters, binding of mMRNA-specific
probes leads to fluorescence of the cells in the corresponding well

Thousands of genes for wild-type and mutated cells can be observed in
parallel, at low temporal resolution (one microarray prepared per
measurement time)

DNA microarray
(Wikipedia)
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Two words on inference of

Perturbation
Boolean models
« Example: mutual repression, one self-activation
Boolean rules Example trajectory B <«
X1 X2 bl b2 t 0 1 2 3 4 5 6 7 .. 1
0 0 0 1 X1 1 1 1 1 0 0 0 .. gene B
[0101] XZOOOiloll... 1y
10 1 0 > A
1 1 0 0 Invariant states [ |
gene A

» Goal of identification: reconstruct logical interactions among genes
Network “structure” (graph edges) and “dynamics” (regulation rules)

From dynamical ON/OFF time series (system observed in transient) or from
steady state ON/OFF data (system equilibrium for different perturbations)

Established methods exist (e.g. REVEAL)
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REVerse Engineering ALgorithm

(Liang et al, 1998)
* Based on information-theoretic concepts
X1,....X, random variables M(X;. Xj)
. ———=>€(0,1)
H(X;) entropy (“variability”) of X; H(X;)
M(X;, Xj) mutual information of X; and X 0 = X; is independent of X;
generalizations to sets of variables 1 = X; is fully determined by X;

* Functions of probability distribution of X
e Estimated from the observed trajectories of X
« Used to determine the effective inputs of a Boolean update map, e.qg.
M(Xqi(t + 1), [Xa(t), X3(t)])
H(Xi(t + 1))
« Specific form of update map determined from the observed transitions
» May cope with noise (measurement error)

» Worst case: evaluation of all possible combinations of inputs
 Bound complexity with maximum allowable number of inputs

If = 1 then Xi(t+1) = by (Xo(t), X3(t))
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P {incorrect solution)

A

Simulation example

A B C

B C

b
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Input entropies

v

O
4

[N

Hi{&) 1.00 H{X) = - ¥ p(x) log pix)
H{B} 1.00 H{XY) = - ¥ plxy) log plxy)
H(G) 1.00
HIAE] 2.00 MEXY) = H{X) + H(Y) - H(X,Y)
HIB,C) 2.00 MOCIYZ]D = H(X) + HY,Z) - H(X,Y.Z)
HiAC) 2.00
Determination of inputs for element A @
HiAY 1.00
HiA" A} 2.00 WA A) 0.00 B[, A) CHIAY 0.00
H{A'B) 1.00 MiAB) 1.00 M{A' B} / H{A") 1.00
HiA'C) 2.00 Ma'C) 0.00 M{AC) / H{A) 0.00
Determination of inpuls for element B @
HiB) 0.81
HIE A} 1.50 ME A} 0.31 MIE,A) fH{B) 0.38
HiE B} 1.81 M(E' B} 0.00 MIE",B) [ H{B"} 0.00
H{E"C) 1.50 M(B'.C) 0.31 M{E'.C}/H[E) 0.28
HIE'[A.B]) 2.60| M|B[AD] 0.31 MIB [AE])/HE) 0.38
HiB[B,C]) 250 MEBC) 0.31 MIB'[B.C]) / H(BT] 0.28
HIB[AC]) 200 MEJAC)H 0.81] M{B',[AC]) /| H(B) 1.00
Determination of inputs for element C @
HiC) 1.00
= HIC AT TET] M(C'A) 018 M(C' A} HIC) 018
HiC B 1.81 M(C'B) 018 M(C' B}/ H(CT) 018
HIC"C) 1.81 M{C',C) 0.19 MGG} HIC) 019
HICTAB 260 WC[AEN 050 T EBTHCT .50
HiC[B.Cl 2.50] MG [B.C]) 0.50 MG [BLC] / HICT) 0.50
HiC[A.C) 2.50] MG [AC]) 050 MG [A.G]  HIG) 0.50
HIC [6.B.C]) 3.00|M[C [AB.Cl) 1.00|M[C,[A,B,CI} / HIC) 1.00
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Rule table for A

rule na. 2

input jautpul
A

0

1

B
8]
1

Rule table for B

rule no. 14
input output
A [+ B*
[8] 0 1]
o] 1 1
1 0 1
1 1 1

Rule table for C

—_

rule no. 170
input aulput
A B C c’
[ ] [1] [1]
o 0 1 o]
o 1 o [u]
o] 1 1 1
1 0 o o]
1 0 1 1
1 1 o 1
1 1 1 1
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Discussion 7

*Vast literature on Boolean model analysis (Kauffman, ...)

sUnsatisfactory description of quantitative phenomena, may lead to
poor results

e Starting point for quantitative dynamical modelling
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|dentification of ODE models
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The model family

* Formalism to model average gene expression dynamics based on
ensemble gene expression data from a population of cells

«Vector of concentrations: x = (xi,...,x,) € R,
*ODE model:  x; = fi(x,u,0) — j(x, u,0)

f; > 0 synthesis rate functions
[} > 0 degradation rate functions
6 € © unknown parameters (and structure)

u(t) perturbation input

« Common situation: unregulated degradation, [i(xi) = vix;

* Depending on the identification approach, specific (parametric)
form for rate functions
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Model family: examples 0

 Linear model plus saturation (Jaeger et al, Nature 2004):
fi = i) A + b) |
J

s; sigmoidal functions s(-)

Aij gene connectivity matrix

b; basal expression rate

0
» Piecewise affine models (Glass & Kauffman, 1973, de Jong, ... ):
24 {AJ ?:1
=y, ifzc Al
T ifz e A2
L2
(courtesy of G.Ferrari-Trecate)
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The data 1

 Measurement model

h; output function

yi(t) = hi(xi(t), e),

e (random) measurement noise

(not always used in full detail)
e Data set
D={y"™(t¢): k=1,.... K, m=1,...,M}

K measurement times

M  time series (possibly different inputs)

« Sometimes, corresponding synthesis rates f also known (observed or inferred)
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The problem )

* |dentification: find “the best” model of the data in a family of alternatives
» Typical formulation: optimization of a (problem-dependent) cost function

minimize C(0|D) with respect to § € ©

» Cost function describes the ability of a model to explain the data
« Minimization of the data fitting error, then validation
* Penalization of overly complicated models to avoid overfitting

* In general, cost function is non-convex
« Non-uniqueness of the solution C(6|D)
« Optimization heuristics are needed
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Example: IRMA o @ @i G| 3
Switch-on time series Switch-off time series 1

CEF1

GALBO

oo

0 a0 80 120 160 200 240 280

[min]

CBF1

GAL4

003t *

002

008 |

ASH1

.
0 20 40 &0 &0 100 120 140 160 180 200
[min]

dx 1
dt

d;I:Q
dt

dxa
dt

dry
dt

dx 5
dt

(Ashi+ - m-—/
I
::--r:""'::-
Galacios — Transcriptional C_r -
regulation —
.......... Protein-protein Teg
regulation

(e -

s a-m)- (1452

ho
kg

a1 4 U —dyry,

— (do — A(B1)) 2,

ha
0_:2 _|_ UQ L
kg + 2y

. aht d
a3 +03 | —7; b = — a3rs3,
ky  +a5t(1+5)
hs
:B s }
3 ,
4 + V4 TR s | T (dy — A(B2))z4,
ks + x5
zhe
3
Qs + vs — dsxs,
e

Synthetic gene regulatory network in Yeast (Cantone et al., Cell 2009)
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Linearization methods: Steady state 4

» Working assumption:
« all concentrations converge to an equilibrium
« small, fixed perturbations modify the system equilibrium
e perturbations are known, equilibria can be measured

a

X2
u=0

u=1

»

X1

» What perturbations ?
« Changes in concentration of chemicals in the medium
« (Gene knockout/overexpression

* |dea: Infer local dynamics around unperturbed equilibrium from
several known perturbations of the system
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Linearized dynamics

* True dynamics without perturbation

x = ¢(x, u), u(t) = 0 implies x(t) — x™
* Linearization about equilibrium

€ (x = x*) = 0, u) = De(x)(x — x°) + Dyo(x)u + hot.

» Perturbed equilibria
u(t) = u implies x(t) — x™ + x, where

0= Duo(x™)(x* +x — x*) + Dyop(x*)u + h.o.t ~ Ax + Bl
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|dentification of linearized model

» Perform repeated perturbation experiments until equilibrium
u(t) = tp, implies x(t) — xX,, m=1,...,M
* Collect observed results in data matrices
U=l|th,....um], Y =[1,...,¥ul|, where ypm = Xm + em

» Solve the least-squares problem

minimize ||AY + BU|| with respect to A

 Solution well defined if B known and M large enough

centre de recherche
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Discussion

* Ais network regulation matrix, B is (known?) perturbation effect
A;j > 0 gene j induces expression of gene i (x; | = x; 1)

A;j < 0 gene j inhibits expression of gene i (x; | = Xx; |)
A;j = 0 gene j is not affected by gene i/ (x; indep. of x;)
» Explicit solution (Frobenius norm):
A=BUYT(yyT)!
warning: no zero elements ( Overfitting ! )
» Penalization of complexity: several strategies, e.g. “the Lasso™.

min ||AY 4+ BU|| min Z A
- f’j
st ) 1(Aij # 0) < nmax Vi st [|AY + BU|| < e
J.
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Llnearlzathn methOdS Time Series Network Identification

« Assumes linear dynamics (system evolving near equilibrium)

d
E(X — x*) = A(x — x") + Bu

 Allows for time-dependent (small) perturbation experiments
» Attempts to solve the equation

Y = AY + BU

with the following time-course data (from a single experiment)
Y =[y(tr),...y(te)l, U= [u(tr), ... u(tc)], y(tk) = x(tk)—x"+ex

* In practice derivatives not known, resort to discretized dynamics
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|dentification from time-series 9

* Discretized linear dynamics (uniform measurement sampling)
x(tes1) = A% (te) + B u(tx)
» Solution of the approximate equality

o Y* = [y(t2), - y(tk)].
Y+ =AY BY] l u] : Y™ = [y(t1), ... y(tk-1)],
U= [u(t1),...,u(tk_1)]

* Also identifies perturbation matrix
* Reqgularized solution via Principal Component Analysis (PCA)
» Conversion to continuous-time network parameters
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|dentification of IRMA
Results

via TSNI:

Switch-on time series
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0.08
(L)

004 |

.02

Switch-off time series
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a0 100 130 140 160 180 200
[min]

INSTITUT NATIONAL
DE RECHERCHE

EN INFORMATIQUE
ET EN AUTOMATIQUE

ODE  METWORK IMFEREMCE (NIR & TSMI)

Switch off time series

Switch on time: series

PPV = 050
5S¢ =038

True Metwork

D

Galactose steady state Glucose steady state

o Gy dimerd & ;’E";ﬂri‘é
/@

) &)

Figure 5. Reverse Engineering of the IRMA Gene Network
from Steady-State and Time Series Experimental Data Using the
ODE-Based Approach

The true network shows the regulatory interactions among genes in [RMA.
Dashed lines represent protein-protein interactions. Directed edges with an
arrow end represent activation, whereas a dash end represents inhibition.

(A and B) Inferred network using the TSNI reverse-engineering algorithm and
the switch-on and switch-off time series experiments. Solid gray lines
represent inferred interactions that are not present in the real network, or
that have the wrong direction (FP, false positive). PPV [Positive Predictive
Walue = TPATP + FP)] and Se [Sensitivity = TPATP + FN)] values show the
performance of the algorithm for an unsigned directed graph. TP, true positive;
FM, false negative. The random PPV for the unsigned directed graph is equal
to 0.40.

(C and D) Inferred network using the NIR reverse-engineering algorithm and
the steady-state experimental data from network gene overexprassion in cells
grown in galactose or glucose madium, respectively.
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Experimental validation: Example
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Discussion

N

* Returns a map of interactions and interaction strengths around
nominal conditions

* In practice, linear assumption can be limiting:
Many interesting behaviors (e.g. switching) are inherently nonlinear

To observe these, experiments “excite” nonlinear system dynamics

o Still, generalizations of the linear model (e.g. piecewise affine
models, as we will see) can be interesting
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Boolean-like methods

« Quantitative nonlinear modelling preserving the network “logics”
» Recall Boolean update map:
+ _ _ / /
X" = bi(X), where b; = Vf/\j Xijs Xij €4X, =X}
» Algebraic equivalent (Plahte et al, 1998). apply the transformation

+ x7
)(Jr — g (X_.I’) S+(Xj) = ﬁ
X: +n
- expr(X) — 1 — expr(x) J
expr(X) A expr'(X) — expr(x) - expr'(x) s™(x) =1-5"(x)

» Boolean-like model: define ODE

Xi = Ko,j + ﬁl1,fbf(x) — iXi

W o

bi(x) algebraic equivalent of b;(X)
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Example (Boolean model)

J_ | Legend
——> Activation
— —
P1 Genel o
Inhibition
\
I , P: Promoter
L
P2a P2b Gene 2 P4 Gene 4 P3 Gene3
Gene Expressed when Boolean model
G2 not expressed by (X) = =X;

G1 expressed or G4 not expressed b (X) = Xy VX,
G4 expressed and G1 not expressed b;(X) = X3 A X
G2 expressed ba(X) = X,

WM
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Example (Boolean-like ODE) 5
_|_ | Legend
—> Activation
P1 Genel
Inhibition
V J, l '
i 1 P: Promoter
P2aP2b Gene 2 P4 Gene 4 P3 Gene 3
Gene More active when ODE model
1 G2low bi(x) = s7(x)
2 G1 high or G4 low by(x) =1—5 (x) -5 (xs)
3 G4 high and G1 low b3(x) = sT(x4) - s~ (x1)
4 G2 high ba(x) = s* (o)
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Plausibility ?

» Experimental evidence that often (Gjuvsland et al, 2007)
« Transcription factors combine into Boolean-like input functions

« Sigmoidal functions relate transcription factor concentrations and
transcription rates

« Post-transcriptional, transport, (and reaction) processes at equilibrium can
be described by sigmoidal functions

o Still a phenomenological framework, but ...
« Easy to interpret biologically
* Quite accurate and flexible
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Tractability ?

~J

» General Boolean-like model:
X; = H‘} + H:?b;(){) — ~ix;, Wwhere b; = Z’,]—[j si(xjwu)

 Structure identification: based on data, decide
 The number of summands
e The sigmoids in each product
* The signs of the sigmoids

... combinatorial explosion and identifiability issues !!
« Parameter identification: parameters of each sigmoid, rates

* Intractable problem. But, good starting point
e Structured expression
* Reduction to specific families of Boolean-like functions
* Approximation

centre de recherche
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Piecewise Affine models 3

 Idea: abstract nonlinearities sigmoids by hard thresholds (switches)

G

SKIPPED

Xj n X;

 Dynamical models with Boolean-type events

e Coarse approximation, but when applicable,powerful analysis (de
Jong et al. 2004) & identification (Porreca et al, 2009) tools!
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Example: double-inhibition network 9

Courtesy of G.Ferrari-Trecate

Double inhibition network (apologies for notational changes...)

Product1

) I1 = Oﬂubu(l) Y11
Prm-“cm T2 = a21b21(T) — Y22 l
{ I e (2, 01)3 (2, 03)
genet gene.’:’ b21 (‘Ll.}ﬂf ( T2, Bé)

SKIPPED

Domains and affine dynamics

19
L24 {/—\ }j:l
Y = _ 07 Tl
o / _ T .
(M L, ifz e Al
02 |21 | 0 2] |®2
2 % 3
,- \I .:]_ _ { r'._U.'\ — : [_]-. -:I‘ -
o1 = z T2 _ Mt 1, ifz e A2
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PWA models: key features

- thresholds split 2 into hyperrectangular domains A, A% ... :

| 1
Fﬂ% U

0
2

k7 ] | 0 :
o) KIPPED

0

0 system of n. decoupled

affine equations

I

 switching thresholds and rate parameters define the interactions

* gene jacts on of gene i

0 * interaction: activation/inhibition

based on changes in k;
time,

centre de recherche
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PWA models: key features cont'd

decoupling = local 1%t order dynamics for each concentration:
if no switches occur over [t ,tx, | there exist kK > 0,7 > 0

such that
s 3 K | D )ED( A
Sii Sy | S3 S4iS5iSs
: 5 Data can be split
£ . in segments S;
= generated by rate

parameters (x7, )

time
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PWA model identification

2
Goal: reconstruct from data

* number of submodels
(excited during the experiment)

» switching thresholds
(defining the domains)

- rate parameters

(on the reconstmcsd%rlsp F) E D

Identification algorithm

Data segmentation

:

I
(] . ~
Data classification L‘::J ~

1]
| C¥2] |

Threshold reconstruction

| ka7 |

i 0 2]

L f] ’Fg_

(v 0] [

v 0]

T
EPI

T
EXI

L

if z € Al

if z € A2

centre de recherche

GRENOBLE - RHONE-ALPES




Data segmentation and classification 3
« Given one time series yilte) = xi(te) + e,  i=1.... n
Variable sampling time ex ~ N(0, 52) k—1 ‘“ K

Extends to multiple time series

» Use statistical procedures to
Find segments with exponential behavior in each concentration profile
(fit parameters and check that fitting residuals are compatible with noise)

Partition data |§]}</th ﬁeEﬂial model
i ol sl Ty e
lh},; : : : I $2 Y

centre de recherche
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Threshold reconstruction 4

* Find minimal sets of thresholds that separate data clusters (multicuts)

* Find all thresholds that separate two clusters
« Define and exploit partial order relations among multicuts to find the minima

ones
« Combinatorial number of multicuts: exploit branch-and-bound optimization

techniques to avoj logi 1bilitl
" KIPPED

* Two cuts
* Only one multicut = only one
possible GRN

F1 Fa
e
S~

Fa

-
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Optimal models

e Search of minimal multicuts: complexity reduction

e |[dentifiability issues:
e Cannot discriminate certain models on the basis of the data
(pool of equivalent models providing alternative biological hypotheses)

e Cannot fix threélizrlyﬁjrﬁcﬁ tablished
i D
* #:r %] s e ~ %l o

. L :::E: L =
Vi % -2 7 e ) A ¥ e !;; h o . A

%

1 1 X 1 X
gl 6] ! 9!

1 9L Ql xh
0, Uy by ]

Three minimal multicuts = three possible GRNs
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Example: carbon starvation in E.coli

Nutritional Transition from Changes in:
stress exponential to * morphology,
stationary phase « metabolism,
* gene
expression,
Escherichia coli S K I P P E D ¢

>4 h

log (pop. size)

¥ [l fee. b
' - Lot ¥ e e T i >
E. coli bacteria. Photo by Eric Erbe, digital colorization
by Christopher Pooley, both of USDA, ARS, EMU.
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Model and simulation

(Ropers et al., Biosystems, 2006)
Simplified model

1 l

GyrAB o CRP
gyrAB Stable RMAs
TocRpP = Ecﬁp +Kopps [mp,S K I P:EP.?.]— ED
Tpis = Krm'. (L— st (zs,0s))
+ K}y, 8T (Tayran, Oayran) (1= 8" (2g,05)) = Vris Tria
EayrAB = KGyrAB 8 (ZFiss i) — YCurAB TGyr AB

o 2
Lrrn = Frrn 3+($F£.,ﬂpi.j =

T‘P’f"ﬂ- x‘?’f’ﬂ-

e Xs=0 > %=1 »>
08— - S
06 ~ ]
0.4 J
02r 7

0 ' - —
0 50 100 150 200
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|dentification from simulated data

Threshold
Cut# Variable T Interaction

1 CRP 0.61 activator of the synthesis of Fis
2 CRP 0.64 activator of the synthesis of Fis

inhibitor of the synthesis of
3 CHRP 071 |Stable RNAs
4 CRP 0.74 inhibitor of the synthesis of Fis
5 Fis 0.09 inhibitor of the synthesis of CRP
6 Fis 0.23 activator of the synthesis of Fis
2 Fis 0.49 activator of the synthesis of

Stable

inhibitd of thS s @htoesis o
8 Fis 0.75 GyrAB
9 GyrAB 0.48 activalgof nthays ol Fi

10 GyrAB 0.50 activator of the synthesis of Fis
inhibitor of the synthesis of
11 GyrAB 0.55 Stable RNAs
activator of the synthesis of
12 GyrAB 0.67 CRP
inhibitor of the synthesis of Fis,
13 Stable RNAs 0.04 activator of the synthesis of
Stable RNAs
14 Stable RNAs 0.18 inhibitor of the synthesis of CRF
15 Stable RNAs 0.53 inhibitor of the synthesis of Fis
16 Stable RNAs 0.55 activator of the synthesis of
GyrAB
inhibitor of the synthesis of Fis,
17 Stable RNAs 0.64 activator of the synthesis of
Stable RMAs
18  Signal 0.50 inhibitor of the synthesis of Fis

Correct?
l‘f:ﬂ Minimal multicuts

N found

. Multicut

. composed  Correct? (Y/N)

q of cuts #:

; 1,5,7,8,10 N, Y,VY,Y,Y
7,8,10,12  N,Y,Y,Y,N

. .8,10,18 Y, Y,Y,Y,Y

Y ,8,10,12,18  Y,Y,Y,N,Y

N 7,8,10,14,18  Y,Y,Y,N,Y

|

N the best minimal

N multicut captures

' all interactions
that are identifiable

' from the data

Y
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Discussion

eUnder the working hypotheses, effective method for structural and
parametric identification of network dynamics

*Neat framework for identifiability and system analysis

eHardly compatible with soft Ineariy
Requires generalizal [ F P
Some concepts (invalldation ol structlral theses) can be transported to

certain smooth nonlinear models
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Models with unate structure

* Framework for systematic selection of plausible gquantitative models
* Unate functions: Boolean rules monotone in each input variable

Transcription factors with unambiguous role on every given gene
Most known rules (only experimentally observable rules? « identifiability)

» Boolean-like ODE model: preserves monotonicity properties

Model: ni (o
bix) = [ m=1-T] (1=s*(g)) where s*(x) = {5_(’“)’ o
I=1 JEI S (Xf):
Sign pattern: 1 if () = s*(x),
p=(p1,...Pn) pi=1 -1 ifst(x;))=s"(x), Jj=1,...,n

o ifjg v

Example, p = (—1,1): s~ (x1)s (x2), 1—s (x1)s~ (x2), s~ (xa)(1—s (x1)s (x2)),- -

Ul

b(x) is nondecreasing (resp. nonincreasing) in x; if p; = 1 (resp. p; = —1)
...and so is any synthesis rate gi(x) = ko, + k1.ibi(x), provided kg j,k1,; > 0

centre de recherche
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Sign patterns: definitions and properties

» Given data pairs: (x',g"),....(x",g™), with g = g(x*|p)
 Definition: p is inconsistent if the property

pj(X}( _XJI) > 0: J: 1:"'3” — g(Xk|p) _g(xl|p) e 0

Is falsified for some Kk,|
 Definition: subpattern and superpattern

Complexity
Superpatterns 11-11 11-1-1 1-1-11 1-1-1-1 4
Sl 11-10 1-1-10 3
Pattern 10-10 2
1000 00-10 1
Subpatterns 0000 :

e Subpatterns of inconsistent patterns are also inconsistent
e Superpatterns of consistent patterns are also consistent
« Minimal consistent and maximal inconsistent patterns exist

centre de recherche
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Ul

ldentification via sign patterns: rationale 3

Given protein concentrations & synthesis rates: ( recall x; = gi(x) — 7i(x) )

o Step 1: Exploit monotonicity properties to invalidate sign patterns
Extract invalid sign patterns from data
Infer the set of minimal consistent sign patterns

Next, given candidate unate model structures S(p) for every p:

» Step 2: Search best fitting model structure with valid sign pattern
Enumerate valid sign patterns p of increasing level of complexity

For every valid p at the current level of complexity, fit (the parameters of)
every model in S(p) to the data

Return all models that pass a statistical test on the fitting residuals. If
none, go to next complexity level.

In practice, S(p) shall be a subset of unate models with pattern p
Exploitation of a priori knowledge
Computational limitations
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Algorithm 1: original version (full data)

 Protein concentrations & synthesis rates
» Time-course noisy data, known variance:

%k, k &
Xj =X; T€ 3? :Sf +Ef
If =x; (1) g{‘ :g(x(rk))

with k =1,..., m and zero-mean Gaussian noise

ve(k)=var(ef)  v.(gh)=var(eh)

Computation of P: set P=. For all indices k./€{1.....m}:

(I) If g*—p' <0, define the sign pattern p=(py..... Pa) by setting pj=

5ign{.r.:f-‘—1}f}~ with j=1,....n, and include p in P.

Computation of P*: define { =max|[C(p): PE P). Initialize P*=0. For
increasing values of complexity £=0,..., min{n,£4+1}:
(1) Generate all patterns p of complexity £. For each such p,

(I1T) Check if p is consistent by verifying that there is no p<P such that
pCp. If this 1s the case,

(IV) Check if p is minimal consistent by verifying that there is no p* € P*
such that p* C p. If this is the case, include p in P*.

INSTITUT NATIONAL
DE RECHERCHE

EN INFORMATIQUE
ET EN AUTOMATIQUE

~

Algorithm 1 Two-step identification.

Step 1. (Selection of consistent model structures)

. Set P=@. For all indices k,l€{1,...,m), if g —g! < —Nay,'
then define p=(py,....pa) by
—1, if F—il <—Noy',
pi=11, 1f.fj—fjgwn_§-". j=1,....n,

0, otherwise,
and include p in P.

II-IV. Execute the computation of P* from the resulting P, as
described in Section 2.2.

Step 2. (Identification of best consistent models) Set % =@. Define
£*=min{C(p*): p*€P*}. For {={* to n:

V. Generate patterns p such that C(p)=¢ and p* Cp for some
p* € P*. For each such p, execute VI.
VI. For all seS(p), fit the model g;(-) with sign pattern p and
structure s by solving the nonlinear regression problem

m
: L, =k k2
Ezngn;;wk[g‘;—g;{x }} i (8)

If § = tiw). include the fitted model in 52,
VII. If 220 return 52 and exit.

W’N RIA csegglss:récfgcfenHﬁNE-ALpES
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Comments 5

» Separate identification of regulation function of each gene

 Practicality requires use of a sub-hierarchy of unate structures

» Hierarchical search of model structures of increasing complexity
Stops when a good model is found (statistical test on the model residuals)
Favors simple over complicated models
Returns pool of biological alternatives

* What is a statistically good model?

Under the null hypothesis that the estimated model is correct, the fitting
residual is distributed as x2(m)

Use this property to define confidence levels (threshold on the fitting
residuals) on the model estimate

e Limitations: Nonconvex parameter fitting, Data requirements

centre de recherche
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Case study: unate models with canalizing
structure

e Goal: use a priori knowledge to reduce the family of network structures
e Intuition: many Boolean expression rules are unlikely/uncommon

e Evidence: (Szallasi et al 1998, Kauffman et al 2004, ...)
out of 139 gene activation rules analyzed in (Harris et al., 2002), 99% are

“Canalizing FunctionS?%rIa Fbrpllallgl lizing Functions”, 90%
are “Ho U H1"

 CFs: at least one (canalizing)
value of at least one (canalizing)
variable determines the value
of the function

« HCFs: when the canalizing
variable takes its non-canalizing
value, a second variable is

Boolean rules

V)

canalizing, etc. [ We focus on Ho U H1 ]

centre de recherche
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The class Ho U Hi1 7

e Class Ho: bi(X) = Xfl A X}; ARRENA X;f Xff,j € { X, =X}

e Class Hi: bi(X) =X AX, A---AX] A (X VX])

Je—2 Ji—1

» Boolean-like ODE model with Ho U Hi-structure:
X; = ki + K7 bj(x) — ix;
bi(x) = { Si(le) ' Si(sz) ' "Si(xjf)
sT(x,) - 5T () 5T, (L= sT(x5,_,) - 5T (x5,))
Structure: ¢, (J1,J2,---5Je)s Ho vs. Hi

Parameters: K, k<, sigmoids'parameters (threshold, cooperativity)

centre de recherche
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|dentification of Ho U H1 models 3

» Given concentration and synthesis rate measurements

yi(te) = xi(te) (L +eix)  zi(te) = i(x(te)) (1 + € k) i=1,...,n
€i k NN(UJE) E;szN(U,U’S) k=1,....K
 For known degradation rate, can compute synthesis rates from x:
f(x) = ki + K2bi(x) = X + Yix; (Ronen et al 2002, Brown et al 2008, ...)
» Estimate

« Structure: ¥, (j1,J2,---,J¢), Ho vs. Hi

. Parameters: Kj, ki, 0; (possibly depending on )

centre de recherche
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Test on a repressilator system 9
1 T — T =
¥ L l ‘ L 1 l - ANy N & e
gene 6 gene 3 gene 5 0 - B = 15
| 1 1 . =
g_ _EI_ KN 05+ 2 . / ~ .
gene 1 gene 2 ' 0 4 B , . . _
1 4 0 5 10 15
gene 4 e 8 1
5 10 15
X1 =kp1+K110 (x3)—y1x1. 1 o AR
‘ IS ~_ ~_ 7 .
Xy =kp 2tk 20 (Xx1)— 12X, 0L ' '
0 5 10 15
X3 =kp,3+K130 (x)—y3x3, 1
. _ w05k ]
Xg=Kp 4tk 40 (X }fj+[.1'3]—}f4.1'4_. = - / | |
0 5 10 15
x5 =kp,5+K1,5[1 —o" (x2)a™ (x3)]— 525, 1 . - .
[{n] L - =]
6 =Ko,6+K1,6[1 —o T (x2)oT (x3)lo™ (x1) — vex6. : 0'2 — - .
0 5 10 15
t
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Oe, U oot 003 05 )7
Performance results wt £ L1
Gene | 5 0.92 0.92 0.92 0.91
. : : . : A 0.90 0.92 0.91 0.89
We attempted identification of this system with 90 equally Step 2 D | I | I
spaced data points over a time interval such that the product R | | | |
concentrations of the core genes complete three full oscillations. P Step | S 0.92 0.92 0.92 0.91
Measurements ff‘ and ;?f were artificially corrupted by Gaussian : Step 2 g ?‘-93 ?-93 ?—3‘9 flj- 9
noise samples according to the observation model (7), with 1'5:{.1‘:-;‘ )= - | | | |
[ag.rﬁ“lz and 1'e{3*f‘3={rrtgf‘}3. for the different noise levels oe= Cone 3 Step 1 S 0.92 0.92 0.92 0.92
. . g = ene 2
e =0.01,0.03,0.05,0.07. This corresponds to noise n:ﬂughl‘_«r within Sep2 A 0.93 0.93 0.93 092
3%, 10%, 15% and 20% of the actual values of 1 and g k . The b ] : : :
R N= 5 R 1 1 1 1
pclfﬂrmame of Algorithm 1 [mth 6 and o= D‘?-‘ ) fDr the B 004 002 e 0kS
various noise levels and all genes is cQpag iC on Cenc A 0.04 0.94 0.93 0.89
performance indices R, 5. A and D (Tt r @ u D 1 1 1.02 1.44
as described in Section 2.3.4 on the dgntificatpn R 1 1 ! 1
runs with the same system evolution, but with different random Gene 5 § 0.94 0.74 0.53 048
. A 0.95 0.94 0.91 0.83
outcomes of the noise. Each run (MatLag V.7 R.14) took on an D | I 1.79 4
average roughly 5 min on a Windows XP workstation with Pentium R | | I |
3.20 GHz processor and 2.00 GB RAM. Computational time ranged Cone b Step 1 S 0.79 0.65 0.57 0.43
from ~2 s for the identification of g3 to ~4 min for the identification S A 089 092 08 042
P p 1 102 276 274
of gg. Step 1 always performs very reliably, i.e. index R is constantly o - .
Index Range  Description
Step 1 R eliability [0,1] Probability that the true p is deemed consistent
P S electivity [0,1] Percentage of sign patterns eliminated from the search in Step 2
Step 2 A ccuracy [0,1] Probability that the true structure is In the pool of identified models
P D ispersion =1 Average number of models in the pool
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Simulated identification on E.coll model

. Signal
6-gene carbon starvation o CRP actvatio
response network gyrAB | Cyas—]
. . L | [T —ll
Model in exponential [supercoiting] Iz =il
growth phase gl IR O
E . lable AS
topA _E

All but third equation

have Ho u Hi-structur
(all have unate structu

FrH

3 HE spuif Y eldgbal reghlatgs and regulatory interactions tak-
12 Place dfring aforiion from stationary to exponential

growth phase in E.Coli.

: 1 2
1 K]+ K Y1 T :
| : L - (Ropers et al, Biosystems 2006)
Ty hf, hj o (xg) — vs T4
: 1 — I _ . \
Ty = Kz 0 (T3) + Ky 0" (z4) 0 (x5)0 (T3) — 73 T3
Ty = Ky (1 =07 (x4) 07 (x5)) 07 (x3) — 14 T4 Ty, Ty, Ta, Ty, T, Tg =
&5 = K5 07 (T4) 0 (25) 07" (23) — 75 @5 Cya, CRP, Fis, CyrAB, TopA
. 1+ 2 o Stable RNAs
Lg Kg 0 (a 3) Kg Y6 Ig Stable RNAs

centre de recherche

GRENOBLE - RHONE-ALPES




|dentification scenario

X0 e Simulated data collected every 10 min
05?”
oome aw s oo wo ® Measurements over 1200 min
bo— | » Various noise levels
0 : e .
ot 0w e o e e Performance from 100 simulated runs
g e === SKI R@iEa@eters and initial cond.
0 - 200 400 G00 800 [#] - . .
%L » Dynamics excited in the experiment:
1_ S e = ———
G:,I;;_ : ;n:; : 400 800 800 1000 1200 q1 = Ko, g4 = K140 (T4)o (T3).
4 | ' ' g2 = Kp2 + K120 (23), gs = K150 (T4)o (ra),
% . 200 400 800 800 1000 1200 g3 = kpa+ K130 (zq)o (T3), g6 = Kog + K160 (T3).
,X10 : S— :
A , , , * All excited dynamics have Ho u Hi-
(i 200 400 t[E,-,EaI-,?n] 8O0 1004 1200 Structure

Use this as a “reference” model
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Results on E.coli 3

ge, o | 0.01 | 0.03 | 0.05 | 0.07
- : ) .. : - . Step 1 i
Note that the expression of gene 1 obeys trivial dynamics. Correspondingly, a S
tor |Gt 1 | 095|005 | 0096|005
constant model for g; is returned by the preprocessing Step 0 in roughly 95% of Step 2 | - = e L =
the runs. This is summarized by the accuracy index A. In the remaiming runs the o
algorithm rules out the constant model, 1.e. the true pattern is not in the patterns Step 1 R 1 1 1 1
deemed consistent and a model with correct structure cannot be found in Step Cene 2 5 ] 0.75 | 0.58 | 0.56 | 0.50
ol m R e . A 008 [007 [0.05 [ 0.0
2| For the remaining genes, the values of rehability R and selectivity 5 witness Step 2
: D 1 1 1 1
that Step 1 is still very effective and robust to nuh{* Step 2 inc 111[1&‘*—: the correct
mjodel structure in a small pool of identifiec ' ses : Step 1 R 1, }, lr L
wriormance decay at increased noise level Geny\, = 0811058 1 0541050
I ance Cecay at ncreas - ‘ Y o | & [005 003|087 [0
when the noise level raises above 5% (o, tep < D 1 |1.30 247|284
excitation of the expression dynamics. Finallh: fene o, i 1 1 1 1
Step 2 (A = 0.14) at the lowest noise level is due to convergence to local minima in E 2ierd S | 060|050 | 044 | 0.37
the solution of the nonconvex optimization (8). With low noise, the local minima are S Sten 2 A 0031016 0 0
mjore pronounced and the solver currently used cannot escape them. This limitation 5 D 1.24 | 4.31
could be ameliorated by a randomized optimization strategy ([28]). To conclude we Steo 1 R 1 1 1 1
. . . - - 1= = 1 1
mention that, whenever the identifiable model structure was estimated correctly, Cene 5 - S | 0.73 | 0,66 | 0.61 | 0.54
the corresponding parameter estimates were generally accurate (best accuracy being Step 2 A [0.14]084 088 0.79
optained with lowest noise, results not shown). D - 1 1 -
, R 1 1 1 1
Step 1 e 1 . EF
Cene 6 S 0.75 | 0.67 | 0.64 | 0.55
Sten 9 A 0.93 ] 0,93 | 0.93 | 0.88
" p 1] 1] 1 1o
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Algorithm 2: extension to partial data

« Assuming only protein concentrations are available:
1. Reconstruct missing information (synthesis rates, variances)
2. Apply Algorithm 1 (unchanged)

» Option 1: Deconvolution

xi(t) = —vixi(t) + gi(t), &i(t) = ko,i + nl?,-b,-(x(t)) is a forcing input

Well established (Bayesian) methods for regularized estimates

Severe over- angunger;s i ad in practice
e Option 2 (our choiCex tf{?‘ gifi S @ ping
Choose basis functions for x;(-), e.g. cubic splines
k

Compute estimate X; by fitting data X;°, and f:,- = >;E,- by explicit differentiation
Reconstruct the synthesis rates g'r,-k = ;;E,-(tk) — '}f,-i?f

Utilize the fitting errors )"(I-k — X;(tx) to reproduce the noise statistics

centre de recherche
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Residual resampling

 Randomized procedure to infer statistics of any functional of the regression curve
* Applicable to any type of regression curve (But sensitive to this choice!)

* Our implementation computes statistics of protein concentration and synthesis

rate measurements from a single
protein concentration dataset.

0.04

KIPP.

Algorithm 2 Bootstrap spline-based resampling.

R .

compute the spline #;(t) from {&;} using weights {w"}
let R = {w"(zf — zi(ty)), k=1,..., m}
for r =1 to N, do
extract with repl:u,ernent m residuals {EF"} from K
let i‘k'” —.T,.Ef'k}-Fth'f k k= 1~...._m
compute the spline &, " "[ t) from {T ) } using weights {w"}
let gt :.'r:f:'{f }—i— KTI: (te),k=1,...,m

end lur " .

| |' n -k ~ Rl 2
let g; Z g; gr )= 512, (g —g )" and
.ﬂ"' {R"'. - m=1 Z CII'

SIS
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: 6
Exp e rl m e nt O n I R I\/I A Switch-on time series Switch-off time series

- CBF1 s _ CBF.1.
Synthetic gene network o AT
in Yeast (Cantone et al., Cell 2009) ° . ° N

/T 1

(olcad] - - » (@) > FETA AL » @Y ciio swis] -~ G
R
i
;
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o
H
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@-- o
\ Ashi+ - m-—/
1
::--r:"'.'::-
L5 ASH1
Galactosa Transcriptional Promoter S
regulation [ ]Gene
__________ Protein-protein Tag
regulation
- 0 -
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[min] [min]
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Mathematical model v/

Letting [CBF1] = z1; [GAL4] = zo; [SWI5| = a; [GALSO] = z4; [ASH1] =25, (Cantone et al., Cell 2009)

the evolution of the mRNAs concentrations were modelled as follows:

d IlI'!l t—
% = o+ v (t=7) - —dir1 (1)

| (k[ + 2 (t— 1)) (1+—;7)

2

dﬂ'*} = (4 v -TT? — d — .&.{ '-3 . I [2}
i~ T\ ges ) @ ALy,
dr: N 1.hl.
d—? = w40 | — hz ——— | — daag, (3)
dxg J‘g’ - g
—_— e ¥, 14 - — d, - .&. l\'.i I '1
s g + vy (L’;"'E—i-rj;’) (g (Ba))x4, (4)
drs Igﬂ
—_— = = - d 5
7 o + U (kf{‘"‘—i—;}:};“) T (5)

» We attempt identification in the class of models with Ho u Hi-structure
Different but similar analytical form
Test for flexibility of the approach
Known delays can be accounted for
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Results: full data

o

* Comparison with TSNI (Cantone et al., Cell 2009)

 True protein concentrations (very few data points)

» Rates simulated from the model (“what-if” performance test)

* Evaluation of network reconstruction performance, but not of parameter fit
 PPV=TD/TD+FD and Se=TD/TD+FU (T=True, D=Detected, U=Undetected edges)

{ﬂ] l::h} switch on data switch off data (C} switch on data switch off data
PPV=0.80[0. 6(]] Se=0.50[038] PPV=0.60[0.20]; Se=0.38[0.13] PPV=1; Se=0.63.0.38,0.38 PPV=1; Se=0.63,0.63.0.25

)=
n / ,? O S
e “ o &

True network TSNI Algorithm 1

Fig. 1. (a) True network of interactions in IRMA. Results obtained by (h) the TSNI algorithm (Cantone et al., 2000) and by (c) Algorithm 1. Grey arcs
(respectively, grey-end markers) denote incorrect direction (respectively, sign) of the inferred interactions. Values of PPV and Se for the signed directed graph,
when different from the unsigned case, appear in square brackets. The three values of Se in (c) refer to increasing noise levels, while dashed and dotted arcs
denote interactions inferred only for e, <0.3 and o, < 0.1, respectively.

Porreca et al, Bioinformatics 2010
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Results: partial data

switch-on data switch-off data switch-on data switch-off data
PPV=0.80; Se=0.50 PPV=0.60); Se=0.38 PPV=0.71; Se=0.63 PPV=(.75; Se=0.38

&
col o & oo

@) e @) e

(a) True network (b) TSNI (c) Algorithm 1-2

Fig. 1: (a) True network of interactions in IRMA. Results obtained by (b) the TSNI algorithm [27] and by (c) Algorithms 1 and 2. Gray edges denote

incorrect direction of the inferred interactions.

To be compared with...
« Additional assumptions (no self-regulation)

(€)  switch on data switch off data
* Loss of accuracy PPV=1; Se=0.63,0.38,0.38 PPV=1; Se=0.63,0.63,0.25
Parameter estimates (when applicable,
not shown)
Sign of interaction (possibly due to low
data quality)

Direction of regulation (bad!)
o Still better than TSNI...
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|dentification of stochastic models:
A quick view




Introduction: stochastic gene expression

—_

At the cell level, protein synthesis depends on random events
Binding/unbinding of activators/repressors and RNApol to DNA, ...
Environmental conditions (temperature, availability of free RNAP,...)

 Classical stochastic gene expression model:
Describes the formation and degradation of single molecules
Time resolution, no spatial resolution (homogeneous reaction volume)

A A
' » mRNA 2 » protein x1 = number of mMRNA molecules
| X, = number of protein molecules
gene ¢ 1 ¢ 2 A1. A2 = prob. of molecule formation per unit time
0 0 ~1,7v2 = prob. of molecule degradation per unit time
P[x1 increases by 1 in 6t] = A5t + o(dt) P[x2 increases by 1 in 0t] = Aaxydt + o(0t)

P[x; decreases by 1 in dt] = ~1x16t + o(dt) P[x> decreases by 1 in dt] = yox20t + o(dt)
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Regulation and noise )

« Example: regulated gene expression and protein degradation

repressor l M (x3) \ x3 = number of repressor molecules
1(X3 :
» MRNA —p protein xqs = number of activator molecules
‘ [
ene ~ — | A AMx3)=#k1-1/(1+x3) (e.g)
. " activator 2(xa)

0 i 1206) = k2 /(14 ) (eg)

» This modelling framework describes the random nature of the events
internal to the gene expression mechanism (intrinsic noise)

 Random fluctuations of the event rates, due to changes external to
the gene expression mechanism, are not modelled (extrinsic noise)

[Many contributors: Paulsson, Elowitz, Alon, Arkin, ...]
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Example: bistable switch

* Network that admits two distinct stable equilibria

B =0
|

A

Lo
Lo
Hi

B

Lo |

Hi
Lo

Hi
Lo
Hi

A+t Bt

Hi
Hi
Lo

¢ State determine:ﬁrl‘jgn icst (inf e/perturbations)

I
35 i 13 \ s
3 ot} 3 3 i,
H e oy - I, o s
o B ;i . - _,---""FFFH_
derd - “ - 2
e i S R
25 o s 1 261 4
i e % £ i e A4
= e 5 i = . : e " = e
e e > 2 F T - \
) -~ oy P o !
1.5 #4 :' Fah Lo st 1.5 P et ;
' " T / o —~ T ¢ Y
Ly, § — - — 5
1 LA T R &S o 1 R -
i i o ! Jiie [
I, - — o
! S— i
0s T g T o ] os s R T ey
0 i 1 : i
] os 1 1.5 2 E 3 l I]u as 1 15 2 5 3 25 4

= z
ENi| A

Deterministic, sigmoids Deterministic, step functions

Stochastic, sigmoidal laws
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Simulated probability of the state

(Stochastic model, fixed initial concentrations)

t=8

(Convergence to different equilibria with different probabilities)
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The Chemical Master Equation 5

* In general, for any system described via a discrete-valued
continuous-time I\/Iarkov chain, the following holds:

p(x; t) ZP — sy t)au(x —s,) — p(x; t) - Za,u(x

x = random vector of the number of molecules of every species, one per entry
i = reaction index (from 1 to M possible reactions)
s, = state change associated to the p-th reaction

a, = propensity (prob. per unit time) of p-th reaction (state dependent)

 Infinite-dimensional linear equation in the probabilities p

* In general, no closed-form but only approximate solutions
Stochastic simulation (also known as the Gillespie algorithm)
Analytical approximations (Langevin eq., Finite State Projection)

centre de recherche

GRENOBLE - RHONE-ALPES




ldentification of stochastic gene expression
models from population snapshot data

e Consider a network with given structure and unknown parameters
Po,u(X; ) ZPH u(X=5; ) a0 (X—s5 u(t)) —po.u(X: £)- Y a0(x; u(t))

e ASsume that, for a given function h, the following data is available:

-ym(tk):h(pum(':tk):ek,m); k = K m = M
 (Parameter) identification is typically formulated as the optimization

argggg% Dk,m(ym(tk)ﬁ h(PQ:u ( tk) €k. m))

for suitable distance(s) / fitting cost(s)

0

» Several hypotheses on model structure can be tested based on
fitting result (Khammash & van Oudenaarten)

centre de recherche

GRENOBLE - RHONE-ALPES

7
6



Event counts

Cell sample

Population
snapshot data:
flow-cytometry

Dichroic

mirror

Cell _

Flow sheath

—

PNA probe binds
preferentiallyto
target sequence l Washing removes

High temperature
and formarnide

denatures DNA
unbound probe.

Population of cells appears as a peak on flow
cytometric analysis, yielding median intensity
* of probe staining for population.

CPU

Fluorescence units
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Obscuration bar

SSC

—
[eal
T
b

I

Filter

FsC

Analysis workstation

(lllustrations from wikipedia)
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Population snapshot data: microfluidics

oo

Fig. 1. Quantitative imaging of a A ch | YEP-nrotein fusion lib C
YFP-fusion library. (A) Each library romesomal YEP-protein fusien o7y

strain has a YFP translationally fused :h—r

to the C terminus of a protein in its Chromosome _| CCHINNIED cam

native chromosomal position. (B) A l

polyldimethylsiloxane} (PDMS) micra- Protein

fluidic chip is used for imaging 96 ‘)

library strains. E. coli cells of each

Top view

0% 500 1000 1500 2000
Protein copy number

strain are injected into separate lanes B
and immobilized on a polylysine-
coated coverslip for autormated fluo-
rescence imaging with single-malecule
sensitivity. (C to E) Reprasentative
fluorescence images overlaid on
phase-contrast images of three library
strains, with respective single-cell—
protein level histograms that are fit
to gamma distributions with parame-
ters g and b. Protein levels are
determined by deconvolution (18).
The protein copy number per average
cell volume, or the concentration, was
determined as describad in the main
text and the SOM (18). (C) The cyto- 23 “'"“I

AtpD
a=84
b=31

Side view 0 200 400 800 800

Stage scan BDMS Protein copy number

Bacteria

YjiE

plasmic protein Adk uniformly distib- g3 2= 11
uted intracellularly. (D) The membrane  syrain n-- 2 00 b=17
protein AtpD distributed on the cell Strain n o

periphery. (E)} The predicted DNA- a 0.1

binding protein YjiE with clear inter- Strain n+1

cellular localization. Single YJiE-YFPs Caverslip
can be visualized because they are Objective lens
localized. Mote that, unlike () and

(D), the gamma distribution asymmetrically peaks near zero if o is close to or less than unity.

0
g 2 4 & 8 10
Protein copy number

[Taniguchi et al., Science 329, 533 (2010)]
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L . 7
Example: Identification of lac operon in E.coliqg

d
A (Munsky, Trinh, and Khammash, MSB 2009)
IPTGy == IPTGy
Lacl i
I lacl promoter J— I
- B — S ——
lacl lacl lac GFP

Figure 3 Experimental identification of a simple construct (A) in which IPTG induces the production of GFP. (B) Experimentally measured histograms of gfp
expression on two different days (solid blue and green lines—in amitrary units) and the best determined parameter fit (red dashed lines). Here, each column corresponds
to a different measurement time (0, 3, 4, or 5h) after induction, and each row corresponds to a different level of extracellular IPTG induction (5, 10, or 20 uM). In the
parameter fits, different weights were applied to each experimental condition, shown as the values {g} in the histograms. (C) Predicted (red) and then measured (blue
and green) fluorescence at 40 and 100 puM.

eParametric Markov chain model:
[IPTGin=[IPTG| oy - (1—exp(—1t)),

: : _ . ) L 20 <(D)pr
Ri: ¢ RN Lacl, R, : Lacl 22, o, Wi =K, w,=0- [Lacl], 8L =26y " + 6 '[IPTG]y.
. w3 . . , Wy k
Ry: ¢ — GFP, Ry :GFP — ¢ ws([Lacl])) = G w,=d¢ - [GFP],

1+ afLacl)"
eParameter identification by matching fluorescence histograms
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Fitting ... _argmm,t{z - i 7

B Oh 3h 4 h 5 h
102 10% 102 10* 102 10% 102 10*
g=0 g=1 q=2 q=>5
0.1 | 5uM
{! {} IPTG
0
>
2
() C',':U q=2 q:z q=4
O 0.1 | 10 uM
= {! K\ IPTG
®
o 0
o
(W
q=0 q=2 q=2 g=3
0.1 120 uM
IPTG
0

102 104 102 104 102 10% 102 10%
Total florescence: GFP + background (arbitrary units)
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... and validation

C 0h 3h 4 h 5h
0.1 | 40 uM
> I IPTG
= 0.05 \
S 0
° 102 104 102 104 102 104 102 10%
3 '
g 01 . ! 1100 uM
& 0.05 e’ ‘l f'!‘ IPTG
0
102 104 102 104 102 10* 102 10%

Total florescence: GFP + background (arbitrary units)

e But how are probability distributions computed from the model for
changing inputs and parameter values ?
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Solving the CME: Finite State Projection

[ The material on Finite State Projection in these slides is borrowed from
M.Khammash,“The Chemical Master Equation in Gene Networks: Complexity and Approaches”

available at:
http://www.cds.caltech.edu/~murray/wiki/images/d/d9/Khammash_master-15aug06.pdf ]

» The state of the system evolves on a lattice %

« Each (discrete) state value has a probability '%.
that evolves over time

« Some (discrete) state values are traversed
with larger probability over time

An SSA run

population of So

* Figure shows a simulated example for a
system with two species

population of S;
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http://www.cds.caltech.edu/~murray/wiki/images/d/d9/Khammash_master-15aug06.pdf

 |dea: How about focusing on the most likely states only ?

PﬂE . is appropriately

e The remaining (infinite) states are
projected onto a single state (red)

* Only transitions into removed
states are retained

The projected system can be solved exactly!

entre de recherche
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e Starting from the (infinite) matrix representation of the CME:

The states of the chemical system can be enumerated:
=[x1 X2 X3 1’

The probability deggit sKe;It FP Qdeﬂned by:
P(X;t) =Ny )E

The evolution of the probability density state vector is governed by

P(X:t)=A P(X;t)

. one has the following result, where only the states indexed by the
iIndexing vector J are retained (next slide):
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Let J = [mq...my] be an indexing vector. We define A
to be the principle submatrix of A defined by J.

Theorem [Projection Error Bound]: Consider any Markov

process in which th ami r ‘ according to
the ODE:

P(X;t) = A -P(X;t).
If for an indexing vector J: 17 exp(Ayt) P(X;;0) > 1 —¢, then

H P(X;t) ] 5 [exp(Aﬂ) P(Xs0) || -.

P(XJ.!;T-) O

Munsky B. and Khammash M., Journal of Chemical Physics, 2006
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The FSP algorithm 5

e Step 0. Define the propensity functions and stoichiometry for all reactions.
— Choose the initial probability density function P(X, 0).
— Choose the final time of interest, t.

— Choose the total amount of acceptable error e.

— Choose an initial finj etgof €3 .

— Set i = 0. I I D
e Step 1. Form A ;. Compute ' ; = ik exp(A t) P(X,;;0).

e Step 2. If ', > 1 —e: stop.

exp(A ;t) P(X;,;0) approximates P(X;t) to within e.

e Step 3. Add more states to get X; .. Increment i. Go to step 1.
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\entification:f hot-data: Ot

methods

« Moment matching: [e.g. work by J.Hespanal]

Instead of probabilities consider vector of all moments z and a truncation :

2(t) = | = [Ex(t) Ex(t)’

Ex(t —— " : |
evolving accord@oKi PEPeEn the model parameters

x(t)]

and fit the equation for z* to the corresp. empirical statistics from many cel

» At stochastic steady state: [Taniguchi et al., Science 329, 533 (2010)]
System evolves until stochastic equilibrium where p does not change
Use asymptotic approximation with a Gamma distribution

p(x;t) — d(x) for t = 4o

to fit (combinations of the) model parameters
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Discussion

oo

» Evidence for fundamental role of intrinsic and extrinsic noise
(e.g. Elowitz et al, Science, 2002)

 Vast literature on linear stochastic system identification useful but not
sufficient

* |dentification of stochastic models of genetic networks still in its
Infancy, first results on problem analysis and solution methods

(Munsky, Khammash et al 2009)

» More to exploit from data

Single-cell tracks reveal time correlation that cannot be observed in
population snapshot data

Methods exploiting time correlation being developed and applied
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Conclusions
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» Masses of data wait for being processed. Automated processing
unavoidable

* Modern experimental technigues enable inference of quantitative
dynamic models at population and (sometimes) single cell level, even
more to come

 Numerous applications in medicine, (bio)chemical industry etc.
* A lot of work in progress for model identification methods
* Intriguing mathematical problems

* Nonstandard identification problems: a lot to use, a lot to invent
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... Thank you!

eugenio.cinqguemani@inria.fr
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